
Lecture 16 - Phase transitions

Familiar w/ phase transitions in envy day life
In stat mech

, we
can try to understand

1) Change in macroscopic quantities

[ density, hardness,
Calor

,
viscosity ]

2) Change in microscopic quantities
[ crystal structure , dynamics

3)
"

Universality
"
- strange & surprising similarity

between seemingly unlike systems

Must start w/ basics and definitions ( ch 16)

Basic phase diagram
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At a line , free energies are equal

cross a line , discontinuity
In some

quantity ,
for example density

lstarder

Ehrenfest definition ! discontinuity in 1st deriv of
-

the free energy

GW"s
,

density -_%=Yµ%P)

modern definition : latent heat , given off or

taken in while two pirates coexist

Far right, critical point , go between phases w/o later that

@ critical point , 2nd order pause
transition

Ehrenfest ! cts first deriv, discant second
drdv

Modern :
"
continuous

"

phase transition,

divvying susceptibility
diverging

" correlation kyth
"

Typically break symehy

Liq ->
solid

,

translational symmetry broken

Liq → gas ,
finite correlation length-> zero

correlation tenth

Egon}



Model system will help us understand inpatient

concepts & which can be solved

Magnetization : j⇒ spins on lattice,

like to point same
direction

Entropy prevents
order

B field causes alignment
oi

direction of the
field

if
"

stranger
" then ertrgsy

Order parameter for
transition ( p -pi far tiqlgas )

M= |FÉ
,

Oi > 1
,
m=M/µ

,

the magnetization
(per spin )

will see her mis related to a first

derivative of free energy
l

m

← w/ field

0
zero field,

" spontaneous
mug

"

cts
,

but discant slope

cure temp

for pure cure µh. studied this

transition in magnets



Wait to know when / whether this trainer

should occur . A bit to complicated
to solve

,
so make an approximate model

( also, fully classical )
" Real

"
Hamiltonian

←
coupling matrix

Ñ= - EE É - J.joj-zsB.si a- this

ij ; I

I. =h-Koi ← Pauli mania

carbide any 2- direction & f.eldin 2- director

i
Oi { ± 's }H= - E ¥ Jijoioj

-Ehoi

Make short rayed , so only if site i&j
adjacent , and approx Jij :{ I i. jneiyh

redefine regardlessof Ez
, mnifbyz

° 00M
a

H= - J -255; - Ehsi si :{± I }
Cip

i

( Lenz → 7-sin, 192.4
) 2d - alsager 1944

It T >0
,
like to align .

h > o
,
like lobe "up

"



w/ h=o , Min E when all aligned yp ordain

consider config <☒q.T.gr?rim-- it

or Idk - . . Itt m=i

EI - NJ ( bandy effects )
= Emin

Now consider 949 . - -9914 -

- - t.tt m=o

E. = -NJTJ

Cost of interface only 1 in N , very
small

,

so only at T=o get magnetic has

In 2d : TTTT . - . Tff E=⇐4NF -15nF
TTTT . - - TTTm=O . - -

It .tt - - -Tutti
e- rn t.tt d- - vttt

This " surface tension " may
cast enough to stabilise

ordered state at finite but lout



Although Id ising model doesn't have

spontaneous magnetization , may problems lice

adsorption, protein folding can be merged to

it and so we need to understand it too

Need 2- (NYT ) to get free energy &

properties
Id ①

~

71 = - { Jsisit , - 2- hsi , can make more

I 21
i =/

Symetrial ,
can also say SINH 's ;

71 = -J sisiti-h-z.EU (Si tsin )
= É C- Js; Sit , - ? Kit Siti ) )
i'-1

2- = I e-
PECState)

= ¥¥ - .-§- ePEKisin-h-sii-s.it
]

states

for B=0 , independent and 2-=# eishsi )
"

=( e-Bhteph )
"

like many problems we ✗ ( item )~
did before



Far h=0

PJS , Szepesszss . . . ep JSNS ,2- = -2 e
s
, { 2,5s . . . ,SN

Let § ; = S, Six , can only be 1=1 , but Zways

If first spin up, we know rest
,
or down

so 2- = 2 -2e.PJ-siepsszep-sz.i.ep-sns.si.
-
. .si To

= 2 [ gets ]~=2[ePJ+e
- BT]

"

=L ( 2 cosh ( ps ) )
"

ACN ,T1=
- KBTINZ = -N-plnl.2eoghlp-s.tl 1- const

want to know magnetization vs T
• 1- diff p

Lets look back at z

z = -2 etp
-2JSison + Ph -2s: M=(Esi >

= Kost -8¥ !
States

I



To calculate this at h=0, need to compute

µ far finite h and then take h→o

To do this, need a new technique called

transfer matrices

Reminder A- = ( a '
'

2) B-
a ] a ,

- (
bl be

bz by
)

AB =/ lbltazbs aibztazby

yazbitaybz azb , tax by

Define Pgs , as the matrix w/ entries

qq.IS/tph(StS')/z
Then evaluate for 4 cases 1,1 1

,
-1

- 1,1 -1
,

- I

p=(
EP "
"'

e-
p,

e-
PJ

ept
-h) )

Remember ← Psis in

2- =§ ePJlsisinltphkls.rs
;D

Sum our all possible
combinations

§ :3



analogously to QM bra -Ket
,
write

11> = (d) 1-17=191

Lll = ( lol (-11--101)

Then Pss . = LSIPIS ' )

and 2- = -2 < sdplsin>
{ s.is

b/c -21s ;> < sit =/ to ;) + ( 891--1 ! ! )=I
,

Sir

this means 2- = s-z.is?p?p.ii...p1sii
"

>

= Is
,

< SIIPYS ,
> = Trip

"

)

= Tr ( UDNU
"

/ =Tr( if = ;Éy? for di eigen
's

of P !

so 2- = Xitti

Det [ P - t -1-1=0
solutions

=/
EP
" e-

BJ

e.
plan
, , / = ( e

th! >Kept! ,, - e-
2ps

e-
PT

= 1,2 - ✗ (eistthfept
-

4) +

ftp.e-ZPJ-f?2tePJcoshCph1+2cosh(2pJ)Xi=---ePYosh(ph)±ÉÉhT¥-Ñ



✗± =eP%sh(ph)IÉÉÑ¥→ñ

= eptcoshcph)±ÉÉEss &

=cBJ[ cosh (Bh ) ± sÑ4-é]
✗
+

> t
-

so as N→✗

2- → it

Hence FIN , 4T ,h) =
- In [ It]

or f- ( his)ñ - tph[t+]

mlh,P)=kñ% = Kost

=

""""

as h→o cosh = I@
+

te's → 1

Sinh = "of et - e- ) -70

So lion ml.h.pl = 0 it pox Ct > 07

h-so

as p → ✗
e- ZBI>o first having

coshph

-%Y¥±±→pa, → ± /
depending on
h> Our hco
to start



Phase diagram T
for n- d

soiih

Ñn
for Id ,T=0

What about higher dimensions ?

Can we solve approximately?

Mean field theory : imagine each spin

feels average spin of neighbors,
which is m ! ✗ Z

,
# neigh (2. d)

G) Call Ssi = si - m ⇒ s ;=mtSs:*

H= - J -21mi-8s : )Cmt8sj) - h? Si
Icij ) visit 1- 2m' small

2-Jk ¥>

Cnitmlssitsrsj> +8%8%9 - h-2s ;
i



= Jm2Nz -MJ -2¢ ;tSj) - h? siI cij)

= Jm2Nz - (htzmsz ) Ési
F- i

2- = ÉE . . . § e-
p[
t ]

Si 52

= e- BJMZNZ.gg etslhtm
-121$
]
N

= e-
PJ~NZ

. [ 2 cosh ( pCht2mJz) ))
"

m = kstoln-N-gh-kztf-nf.tn ( 2105h (plht2nJzy]
2 Sinh (p(ht2mJz) . is

= Kst
#ÉH)

= tanhfplh t2mJz))
no analytical solution ,

can

get numerically



Is there a transition ?
h=0

Zp -12-71

""

so 2 solutions for 2pJz > 1

ice ksT< ZIZ

predict fate = ZJZ

This is qualitatively wrong in

Id
,

ok in 2d
,
more accurate as d→R



Can also expand the tree energy at zero field

2- = e-
PJ~NZ

. [ 2eosh(pCht2mJz)Ñ

f- = -k¥TnZ = Jniz - kstln [2 cosh/ p2m5z )]

close to Tc
,
m=o so

what is free energy in
this area

In (cosh (A) I = ✗42 - ✗
"
112

f- I - kstln 2 -KST kpnTZT + k? (2pm -52-1
"
+Tmnt

=

Quartic
,
either

far Tzu
,
f has only

I - in

otherwise 2
f- (m)

¥
"

✓ T < Tc

vanish of 2 stable states leads to

continuous pause
transition


