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Spatial correlations :

Important physical quantity in

science
, especially ptnse transitions are

spatial correlations
.

this means if something

is true at placefr , how likely is it

to be tune at puce Etr
.

This was

like girl ,
how much more likely

are we to And a police then any
a given distance away fun something

We also measured this as

( got per
' 17 Car L Sperl Sgv'D )

In a
lattice model

, we compute the

following related quantity

Cij = ( ( si - Csis ) ( Sj - ssj > D= Csis p - Ssi > Gj )

called the spin - spin correlation function



Goes to zero when Csisj ) → Csi > Csp ,

which happens when uncorrelated
,

eg Ij - it ⇒ o
,
sometimes normalize

Cig , Eig=
CsiSj ) - Csi > Csp

-
st

Csi ) - CsisE.it#e-rh-kd.hYIn
!

So volume Kd correlated

IF spins

confuted
w/ espn

I
, eg

= I Gj I could home chosen any spa )

4=2

This is connected to the suceptibilily

X = IL 5) where Steffi- Csis )
= In §;

Csi sp - Csi > csjs

= Ny . Cs , Sj > - Csi > csj > = } Cig
-



But we already saw that X diverges e

a phase transition
, so this is a

Signature af Yong rage correlations "

2 ways this can diverge

1) 2 phase coexistence

vapor|J¥ water droplet 2¥
PG)

,

as IY%k!There
Cp

Variance gets maxi mind

Near critical point ,
no distinction between two

phases
, so the divergence becomes large

means correlations become long range



fit to
- HE

usually GET⇐ dig ~ ÷z+y
and as critical point is approached

f- IT - Tcl
- ~

The fact that this length scale gets

big means the system looks the same

on small & large length scales
,
which

leads to the renormalization group
idea !

Renormalization Group
-

' '

coarse grain
"

over section of system

try to hare partition function look the same

'

Ei÷÷÷÷÷÷÷t



C zero field
then eg.tk??pJsisg-s??pJ'siisj .

Then you or repeat this procedure & iterate

If
 

J - s J
'

process carnage ,
then

this is at a

"fixed point
" and it

corresponds to a please transition
-

From the equations that generate J → Tf
we car get the critical exponents too !

We'll illustrate in Id is is model ( ho

spontaneous Mag transition I & discuss the

result in Zd [ lot dihhref possible procedures )

@ zero
field

k=pJ

QC ¥N ) =

we.x±f[kk%s.
+ seat - . . tonsil ]

In mean field
,
averaged over all other



degrees &
& freedom but I

. Here
,

remove finite degrees of freedom
.

Eg : Summer even spins

T I T I J -6 → T I I

Q ( kN ) =§g
. .  

plus , tsi ) texpfkkitssl ) )
× ( exp [ kcszts ,

13 texpfkcsztss ) ] )
X a n .

want to express in same as original fava
,

If possible ,
but w/ new k

' ( new

inverse temperature
,

or J )

Would be true if ek
' ' '

+ e-kcstssfqcgek
's s

'

far all Ss
'

Then OCK ,
Nk f Ck Th Q C K

'

,
Nh )

[ Kadar off transformation ]



finding this is possible in Id

[ in higher d
,
hare to approximate ]

if s
,
S

'
in Sarre directeur

e
"

te
"

-

- fck ) ek
'

①

it opposite

2 = f
CHEK

'

⇒ fCH=2ek
' ②

Can solve far K & FCK )

② → ① 2 et
"

= e

"
+ e-

"

⇒ K' = I log C cosh ( 2K ) )

plugging back in to 2

fck ) = 2 cosh
"

' ( 2k )

Consider In Q ( a sort of free energy )

expect to grow x N
.
define g Ck )

-
- fuk Q

[ intensive free energy ]

glkl = f. [ Elnfcklt 40-44,
Nhl )

Nkgck ' )



⇒ recursion :

g Ck 't =2gCk
) - In fact

= Zglkl
- in (27%1)

If are know Q ( k ) for I value of

k
, we can find it for other values

In this renormalization
, k

' is always less then k

fo
.

S 1h cosh C 2k ) = k '
a k ]

Alternatively , swap Kfk '

K = Yz cosh
" ( exp ( 2K 'll

& solve for g ( k )

glkl = tzglk 't t I lnzttzhGosh6i54expcz
=

'

Gg Ck ' I t t In 2 t Kfz

what do me do with this ? For small kids
K

'
= o . 01

,
high temp or low I means spins

close to uncorrelated Q f KSN ) I 2N
, g Ck

-

1=42

⇒ Ice O .

I 00534 so -693

of Lk
) = O . 698 147



keep iterating & k keeps growing
during the iteration

, gud gets closer

& closer to the exact gaol far that

value of k Cin Id
,

can umpire exactly
For no field & large N

, we'd seen

Q ( Bin ) = ( 2 cosh ( is JIT
= ( e

" tent IN
h QIN = in lek te

- k
I = K t In ( Ite

- HI ]

for large k
,

gtld
Ik

can start w/ eg gud 210 &

iterate other equations to get Smaller k
results

Errors apparently grow in this procedure ,

but the picture is

x → → → → x

k -

- o k= I renormalization

or x → → → → → x flow
k= A k -

-
u



for 4=0 or k =D
, par ans dont

charge " fixed point
"

In Zd

x ← ← ← ← x → → → → x

Kao ke k =

unstable fired point at
Kc 20.50698 C for a similar praedve

See checker Chs )
where exact value Them = Kc = 0.44069

See book pg 261 that shows # iterators

needed as get closer & closer

to Kc grows , connecting to a

growing length Scale as To approached


