Homework 3: Canonical ensemble

Glen Hocky
Due: October 15, 2021, 5PM NYC

1. Ideal gas of molecules (Adapted from Tuckerman problem 4.12). If you have N iden-
tical non-interacting molecules (each with n atoms) in a box, the total partition

function factorizes,

q(n, v, T)Y )
N!

Moreover, the single molecule partition function q(n,V,T) = Vf(n, T), where f is

a function that only depends on the number of atoms and the temperature.

Now suppose that the system contains different types of molecules, this factoriza-

tion still works. For example, with 2 types, A and B,

Q(N,V,T) =

Q(N4, N, V,T) = qa(na,V,T) _ gg(ng,V,T) 2
Na! Np!

(@) An example chemical reaction might be
aA+bB <= cC+dD 3)

The Helmholtz free energy A is now a function of V,T, and all 4 N’s. Let
there be a variable called A which is the reaction extent. Then dN, = a dA,
dNp = b dA, dNc = —c dA, and dNp = —d dA. At chemical equilibrium, A is
at a minimum, which means that dA/dA = 0.

Show that at equilibrium with fixed V and T,
app + bug —cuc —duD =0, 4)

where chemical potentials of each species are defined like:

k Taln Q(V/ T/ NA/ NB/ NC/ ND)

ma = —kg aN, ()

Hint: This should follow very directly from writing out the chain rule for dA.



Hocky, Statistical Mechanics 2020

(b) By plugging in for Q in the 4 equations like Eq. 5 and substituting this in to
Eq. 4, show that you get the following relationship

_PePh _ (ac/V)(qp/V)*
Pupy  (9a/V)*(q/ V)Y

K(T) (6)
where p4 = N4 /V, etc. Hint, you may have to use Sterling’s approximation.

Do you see why both the middle and right fractions are functions of only
temperature?

(c) Using the definition of the Helmholtz free energy and the formula for Q with
4 different species, show that the Helmholtz free energy A can be written
as Ajoral = Aa + Ap + Ac + Ap. What is the equation for Ay, that is, the
contribution to the Helmholtz free energy from species X.

(d) The pressure in the canonical ensemble can be obtained by the formula P =

— (%)N,T. The partial pressure of species X can be expressed similarly as
Px = — <a§%>NT' where Ax was defined in the previous part. Given this
definition, find the relationship between K(T) above and
_ PeBp
Comn

(7)

2. Deriving the Canonical Ensemble from the perspective of Maximum Entropy. Consider a
system with N possible states each having energy €;. One definition we read for
the entropy is the Gibbs entropy, S = —kg Y~ ; p; In p;, where p; is the (unknown)
probability that system is in state p;.

By definition, Y, p; = 1, and the average energy E is a constant, with E =
YN eipi. Note that the Gibbs entropy is strictly positive since 0 < p; < 1 =
—Inp; > 0.

A question we could ask is, which set of {p;} maximize the Gibbs entropy subject
to the constraints Zf\il pi=1land E = Zfil €;p;. To do this, we can use the method
of undetermined Lagrange Multipliers. If you don’t know what this is, you should
read about it a little on your own. The upshot is, we have to maximize the quantity:

N N N
L=—kg) pilnpi—a) pi—BY epi (8)
i=1 i=1 i=1

where « and B are undetermined variables.

(a) Find where L is maximum as a function of an arbitrary py by solving % =0
for py, where the p’s are considered all independent variables.
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(b) Use the fact that 21‘111 pi = 1 to eliminate one of the unknown variables. Your
expression for the probabilities should look familiar.

(c) Based on what you know about the Canonical ensemble, express this B in
terms of a familiar thermodynamic variable.

(d) Optional extra part: what happens if we don’t include the constraint on the
average energy? What ensemble does this correspond to?
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