
NYU CHEM GA 2600: Statistical Mechanics
Midterm

Glen Hocky

October 18, 2018

Instructions: This midterm is open book/open note. No electronic devices besides a
calculator. Please write your name on each page and try to write your solutions legibly.
Try to use scratch paper for figuring things out.

1. van der Waal’s Equation of State (50 pts total). In class we showed that you can
approximate the pressure of a non-ideal gas by

P =
nRT

V � nb
� a

n2

V2 (1)

(a) Describe in words the meanings of the terms a and b. (10 pts)

(b) Example system - Real data says that 1 mole of carbon dioxide at 373 K oc-
cupies 536 mL when at 50.0 atm. What is the calculated value of the pressure for
CO2 at 373 K in a box of sized 536 mL using:

i. The ideal gas equation (remember, n is the number of moles of gas such
that NkB = nR, and R=0.08206 L atm / (K mol)). (5 pts)

ii. The van der Waal’s equation, with a = 3.61 L2atm/mol2 and
b = 0.0428L/mol. (5 pts)

In both cases, compute the percent deviation from the true pressure. (5 pts each)

(c) The Canonical partition function corresponding to our van der Waal’s equa-
tion of state is

Q(N, V, T) =
1

N!

⇣
2pmkBT/h2

⌘3N/2
(V � Nb)NeaN2/(VkBT) (2)

Compute the average energy and the heat capacity from this partition function.
(20 pts)
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2. Maxwell-Boltzmann distribution (90 points total). The Maxwell-Boltzmann dis-
tribution gives the probability of a particle having velocity v in an ideal gas with
constant (N, V, T). For 1-dimension, it is given by:

P(v) =
r

m
2pkBT

e�
mv2

2kBT (3)

(a) Some properties of a particle in 1 dimension:

i. For a particle in a 1D box of length L, write the Canonical partition func-
tion, and do the all the integrals to find a constant factor related to what
is seen in Eqn. 3 (15 pts).

ii. Using Eqn. 3, what is the average velocity of a particle,
i.e. hvi =

R •
�• vP(v)dv (10 pts).

iii. Using Eqn. 3, what is the mean-squared velocity of a particle, i.e. hv2i
(Hint: remember how we solved similar problems in the first homework).
(10 pts)

iv. What is the variance of the velocity of a particle? (10 pts)
v. Sketch the 1-D Maxwell-Boltzmann probability distribution

(Eqn. 3). (5 pts)

(b) In three dimensions, the probability of finding a velocity vector is given by the
product of the probabilities in each direction, i.e.

P(~v) =
✓

m
2pkBT

◆3/2
e�

m(v2x+v2y+v2z )
2kBT =

✓
m

2pkBT

◆3/2
e�

m~v2
2kBT (4)

Changing to spherical coordinates, the probability distribution for the speed
s =

q
v2

x + v2
y + v2

z is given by:

P(s) = 4ps2
✓

m
2pkBT

◆3/2
e�

ms2
2kBT (5)

Reminder: since we’re in spherical coordinates, the average of a variable A is
only an integral over positive speeds:

hAi =
Z •

0
dsA(s)P(s) (6)

i. Sketch the 3D Maxwell-Boltzmann probability distribution for speed
(Eqn. 5). (10 points)

ii. What is the root-mean-squared speed (
p
hs2i)? (15 pts)

iii. What is the most probable speed? How does this compare to the root-
mean-squared speed? Hint: solve dP(s)

ds = 0. (15 pts)
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3. One dimensional lattice model (60 points total). In the homework, we studied N
independent 2 level systems. In this problem, we will line up all of our N systems
and call each one a “site” on a lattice. An example state of a system of size N = 9
might look like the following:

1 0 0 1 1 0 0 0 1
Site (i): 1 2 3 4 5 6 7 8 9

State (ni):

Figure 1: An example configuration of a lattice with N = 9 states.

Site i can have a value either ni = 0 or ni = 1 (in the example above, n1 = 1, n4 =
1, n5 = 1 and n9 = 1).

In one dimension, define the energy of a given state as

H =
N

Â
i=1

µni �
N�1

Â
i=1

Jnini+1 (7)

Every time a site has value ni = 1, the energy goes up by µ, and when 2 sites next
to each-other have value ni = 1 and ni+1 = 1, then the energy goes down by J. The
energy of the configuration in Fig. 1 is H = 4µ � J.

(a) List all configurations for a lattice of length N = 3 and their corresponding
energies. (16 points)

(b) How many configurations does a lattice of length N have? (4 points)

(c) Write the Canonical partition function of a system of size N at temperature T
(20 points).

(d) Suppose we want to simulate a system with N = 9 using Metropolis Monte
Carlo. A move is flipping a site’s value from 1 to 0 or 0 to 1. We will start in
the configuration given in Fig. 1. Write the Metropolis acceptance rule for the
following moves (20 points total):

i. Changing the value of site 7 to a 1
ii. Changing the value of site 5 to a 0

iii. Changing the value of site 6 to a 1
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