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ABSTRACT

Obtaining rate constants from molecular dynamics simulations is difficult because of the in-
accessibility of the necessary time scales to observe rare events. To compute properties on these
long time scales, we employ enhanced sampling techniques which lower the energy barriers for
these events. A major area of interest is computing the unbiased kinetics for slow biomolecular
processes. While this is possible using existing methods, many of the efficient approaches rely
on the assumption that there is no energy added to the barrier, which is unlikely when a poor
choice of collective variable is used to describe the transition process.

The work presented in this thesis produces and develops a new method to obtain rates from
molecular dynamics with enhanced sampling called the exponential average time-dependent rate
(EATR) method. The EATR method obtains rate constants by fitting observed transition times
using a model for how the transition rate constant observed in the simulations is affected by the
amount of bias potential present. This model contains an extra fitting parameter y which controls
the sensitivity of the rate constant to the bias potential, but also reproduces the rate constants
predicted by the well-established infrequent metadynamics (iMetaD) estimator when y = 1.

We demonstrate that the EATR method does reproduce the iMetaD rate constants when y = 1
and that EATR outperforms iMetaD for cases where y is significantly less than 1. We show that y
corresponds to the known quality of the collective variables used in biasing, and that the method
works well for both simple one-dimensional systems and fully atomistic protein folding models.

In Chapter 3, we then show that EATR can be used to track the improvement of a machine-learned
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reaction coordinate in the case of protein-drug unbinding using y as a quality metric. This also
allowed us to develop new heuristics for checking whether these data-driven reaction coordinates
are improving between iterations. Finally, in Chapter 4, we report a generalization of EATR which
gives accurate rates in cases where the bias and observed rate are static or quasistatic over the
course of a simulation. This corrects a problem in standard EATR where quasistatic biasing does
not provide enough information to uniquely determine the rate constant and y. In doing so, we
introduce the idea to combine data from multiple sets of simulations to gain information which
would not have been available otherwise. This concept allows us to consider the use of EATR
for a much wider set of enhanced sampling approaches for computing accurate kinetics of slow

processes.
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Workflow of SPIB combined with EATR. The gray arrows in the protocol indicate
the original SPIB-iMetaD workflow used to compute the residence time of pro-
tein-ligand complexes. In Ref. [33], we first performed initial trial runs of WT-
MetaD biasing along trial order parameters (OPs). We then iteratively applied
SPIB and metadynamics until the accelerated time was quantitatively reduced for
the SPIB RC. Finally, we ran iMetaD biasing along the converged RC. For each RC
at every SPIB iteration, we conducted an additional step of y evaluations, which

is indicated as a red arrow. The red dotted box highlights the iterative process of

the SPIB. . . . . . .

[a] Schematic of Imatinib dissociation from the Abl-kinase. [b] Values of the
EATR metric y over SPIB iterations for six protein-ligand systems while fixing
ko to the experimental value. ABL kinase Wild Type (WT) - Imatinib, ABL ki-
nase mutant N368S - Imatinib, ABL kinase mutant L364I - Imatinib, T4 Lysozyme

- Benzene, FKBP - DMSO, FKBP - DSS. Error bars denote standard deviations of

fitting uncertainty iny. . . . . . ... L

Inverse correlation between y and average accelerated time T,c. across SPIB
iterations. Scatter plots are shown for six benchmark systems (arranged from
top left to bottom right): Kinase WT-Imatinib, Kinase N368S-Imatinib, Kinase
L364I-Imatinib, T4 lysozyme—Benzene, FKBP-DMSO, and FKBP-DSS. Circles de-
note y values obtained from the original EATR fit, squares (“prediction 1”) show
y evaluated with Eq. 3.1, and triangles (“prediction 2”) show y evaluated with Eq.
3.2. Different colors indicate the SPIB iteration, ranging from light blue (early it-
erations) to dark blue (later iterations). Error bars denote standard deviations of

fitting uncertainty in y. An alternative presentation of these data as a function of

iterationis givenin Fig. 3.6.. . . . . . . . ... L oL
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EATR y metric (blue circle, left axis) and mean accelerated time (7) (red diamond,
right axis, log scale) as functions of bias-deposition pace for three protein-ligand
systems. (a) T4 Lysozyme-Benzene (b) FKBP-DSS (c) FKBP-DMSO. The gray
dashed line represents the experimental residence time, and the shaded gray band
indicates the error margin. The blue error bar represents the standard deviation of
Y. The red error bars represent the error of 7,.c], computed using the bootstrap-
ping method with a 95% confidence interval. In earlier figures, standard MetaD

simulations correspond to a pace of 1000 (2 ps) and iMetaD simulations corre-

spond to a pace of 5000 (10 PS). . . . v v v vttt

Comparison of fitted y values with fixed k, versus free ky. Each subplot shows
Yy plotted against SPIB iteration for six different protein-ligand systems. Error
bars denote the standard deviation of the fitting uncertainty in y. The blue plot
represents y value in which k, was held fixed at its experimental value (as in

Fig. 3.2), while the green plot represents y value in which both ky and y were

treated as free parameters. . . . . . ... L. L

Same data as Fig. 3.3 represented in a different way. Here, results of the EATR met-
ric y (blue circle, left axis) and the mean accelerated time 7, (red star, right axis,
log scale) over SPIB iterations for six protein-ligand systems with k fixed to the
experimental value. Top left to bottom right: ABL kinase Wild Type (WT) - Ima-
tinib, ABL kinase mutant N368S - Imatinib, ABL kinase mutant L364I - Imatinib,

T4 Lysozyme - Benzene, FKBP - DMSO, FKBP - DSS. Error bars denote standard

deviations of fitting uncertainty in y and standard deviations in Tyeee. « . . - . . .
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A schematic diagram for the EATR-flooding method. (a) Multiple sets of simu-
lations are run until a transition occurs, where each set is run with a different
average amount of applied bias, controlled by AE in OPES. Sets are color-coded
for clarity. (b) The estimated log-rate for the transition is computed as a function
of y, Inkest = Inkops —1In <eﬂyv(§) > (c) The rate estimates are combined for all sets,

and (d) the log-rate and y which minimize the variance over the sets are taken to

be the EATR-flooding estimates. . . . . . .. ... ... ... ... .........

The potential of mean force (PMF) along the fraction of native contacts CV Q
(top) and the end-to-end distance CV R, (bottom). The colored lines indicate the
PMF with the average final biasing potential from OPES with various values of

the AE parameter. From bottom to top, AE =5, 7, 9, 11, and 13 kJ/mol. The vertical

dashed lines represent the boundary of the excluded region. . . .. ... ... ..

The results of EATR-flooding on the protein G model. (a) The values of Ink,
predicted by Eq. 4.3 for each set of OPES simulations with each AE parameter for
various values of y. (b) The value of In k; averaged over the sets of simulations
for each potential value of y. The variance of In ky across the sets is represented
by error bars. (c) The variance in the predicted value of In ky across the sets of
simulations. The horizontal dashed lines represent the true value of In ko, the
uncertainty in which is too small to represent in this plot. The vertical dashed

lines represent the minimum variance value of y, which is the value which causes

all sets to give the same valueof Inky. . . . . . . ... ... ... ...
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4.4

4.5

4.6

The predicted value of In ky from EATR-flooding (in blue) and OPES-flooding (in
orange) as a function of the logarithm of the total simulation time with the lowest
five values for AE. Various numbers of simulations per set, from 10 (left side of
each plot) to 100 (right side of each plot). The blue dashed line represents the

rate obtained from unbiased simulations. Error bars indicate the standard error

in bootstrap analysis. . . . . ... ... L L L

The predicted value of In ky from EATR-flooding and OPES-flooding on the R.. CV
with the lowest (top) and highest (bottom) values for AE with 100 simulations per

set. The blue dashed line represents the rate obtained from unbiased simulations.

Error bars indicate the standard error in bootstrap analysis. . . . . . ... ... ..

The results of EATR-flooding on the weakened cavity-ligand model. (a) The val-
ues of In ky predicted by Eq. 4.3 for each set of OPES simulations with each AE for
various values of y. (b) The value of In ky averaged over the sets for each value of
Y- The variance of In kj across the sets is represented by error bars. (c) The vari-
ance in the predicted value of In kj across the sets of simulations. The horizontal

dashed lines represent the true value of In ky with the 95% credible interval. The

vertical dashed lines represent the minimum variance valueof y. . . . . . . . . ..
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4.8
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(a) The observed value of the log rate in the simulation sets while biasing a CV
defined as linear combinations of z and 0, plotted against In <eﬂv>, which acts
as a measure of the amount of bias added. For worse CVs that have a larger
contribution from 6, adding the same amount of bias has less of an effect on the
observed rate. Solid lines are linear fits to the data, with slopes from top to bottom
of 0.94, 0.84, 0.75, and 0.59. (b) The predicted value of In k; (top) and y (bottom)
from EATR-flooding and OPESf while biasing each of the CVs. The x-axis is the
value of a® where a is the coefficient of z in the linear combination. Mean y

values are 0.92, 0.86, 0.68, and 0.57, quite similar to the values of slope in (a), in

accordance with the hypothesisinRef. [32]. . . . ... ... ... ... ... ...

The log of the value of efV(") averaged over all simulations in each set (low opac-

ity). The solid lines represent the log of the time average of efV(") over a window
of 25000 steps, and the horizontal dashed lines represent the time average from 0

up to the maximum transition time, which approximates the log of the ensemble

average In (eﬁv> in the folded state. . . . . .. ... ... ... ...
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1 INTRODUCTION

1.1 MOTIVATION

All matter is composed of atoms, and the properties, reactions, and phase transitions we
observe in chemistry are ultimately determined by the motions and interactions of these atoms.
However, we are incapable of directly observing these over the course of a chemical process. For
this reason, we turn to molecular dynamics (MD) simulations[1], the so-called “computational
microscope” which can shed light on the mechanisms that drive whichever process we may be
interested in.

MD simulations are based in physics and, therefore, are predictive. MD is often used to make
predictions for various properties of chemical systems, such as binding free energies[2, 3], diffu-
sion coefficients[4, 5], thermal conductivity[6, 7], and rates[8, 9]. Predicting rates is particularly
interesting in a pharmaceutical context, as it has been shown that the unbinding rate of a drug
molecule from a target is a good predictor for the efficacy of the drug[10]. However, collecting
enough simulation data to make these predictions is usually infeasible within a reasonable time
period.

The goal of the research presented in this thesis is to provide a new method to obtain predic-
tions for state-transition rates from MD simulations which were accelerated by enhanced sam-
pling methods. This would allow for the use of rates not only in pharmaceutical lead optimization,

but also in determining the accuracy of MD force fields. This work also refines a metric for the



accuracy of reaction coordinates, and therefore yields a better understanding of transition pro-

CESsseSs.

1.2 MOLECULAR DYNAMICS

In MD, we model the atoms in a material as classical point-particles following Newton’s laws
of motion. Denoting the vector of atomic positions as the configuration X, the forces acting
between atoms are obtained by taking the negative gradient of a potential energy function called
the force field U(X).

Because all forces are derived from a potential energy function, solving Newton’s or Hamil-
ton’s equations of motion conserves the total energy. However, in experiments, the systems we
wish to study exchange heat with their surroundings. In MD simulations, the interactions of
the system with its surroundings are modeled using a thermostat. Whether the thermostat in
use is stochastic as in Langevin dynamics[11], or introduces external degrees of freedom as in
the Nosé-Hoover thermostat[12, 13], ultimately the evolution of the system can no longer be
predicted from its current internal state and must be modeled probabilistically. In constant tem-
perature conditions, the atomic configuration becomes distributed according to the Boltzmann

distribution:

p(X) = %e_ﬁU(fQ, (1.1)

where Z is the canonical partition function, which for our purposes may be regarded merely as a
normalization constant, and # = 1/kgT where kp is Boltzmann’s constant and T is the temperature
of the thermostat.

Experimental observations are associated with ensemble averages (O), which are averages

taken over the distribution of configurations:



<o>:% /Q 0X)e VX g%, (12)

where O()? ) is an observable quantity and the integral is taken over Q, which is the space of all
atomic configurations. We can also take averages over subsets of Q if needed.

Assuming that all atomic configurations in Q can be adequately sampled with proper statis-
tical frequency within an MD simulation, we can approximate (O) as an average of O(X) over
the steps of the simulation:

S
(0) ~ 5 > O(X(1), (13)
s=1

where S is the number of steps in the simulation and ¢, is the simulation time at step s.

1.3 METASTABLE STATES AND TRANSITIONS BETWEEN THEM

1.3.1 COLLECTIVE VARIABLES AND THE POTENTIAL OF MEAN FORCE

Often, we are only interested in one or a few degrees of freedom in our systems. For example,
for a folding protein we would only be interested in some folding measure, such as the compact-
ness of the protein or the number of residues in contact. For a ligand bound to a substrate, we
would be interested in the distance between the ligand and the binding site. For an atom diffusing
across a metal surface, we would keep track of the position of the atom along the surface, and for
a chemical reaction we would find and consider a reaction coordinate.

Generally, we are not interested in the atomic positions, but in a quantity which describes the
collective behavior of the system. These collective variables (CVs) can be expressed as a function
of the atomic positions, & (X).

The potential of mean force (PMF) or free energy along ¢ is the low-dimensional potential

that is consistent with the total Boltzmann distribution for the system after integrating out other



degrees of freedom:

F(&) = —% Inp(8), (1.4)
p(®) = / 5(E(X) - e V4R, (15)

This allows us not only to greatly simplify our analysis of the system, but also to determine the
locations of the free energy minima. Regions of low free energy are, by definition, the regions
where the system is most likely to be. These regions correspond to metastable states, which are
collections of configurations in which the system stays for an extended period of time. Assuming
that & is able to distinguish these states, then metastable states will correspond to convex regions

of the PMF.

1.3.2 BARRIERS TO TRANSITIONS, AND ENHANCED SAMPLING

Two separate macroscopic states correspond to two disconnected regions of low free energy,
which implies a region of high free energy between them. In order to traverse from one state
to another, the system must surmount these high energy barriers. However, the system is very
unlikely to reach the top of these barriers at any given moment. This is so unlikely, in fact, that
it is often statistically impossible to observe a transition between states in an MD simulation.

To observe transitions in MD simulations, we often employ a class of enhanced sampling

methods that add an additional term to the force field:
U'(X) = Up(X) + V(X), (1.6)

where V (X) is the new term, called the bias potential, or simply the bias. For any variable A, A,
will denote the value of A that would be observed in MD simulations with no bias, and A’ will

denote the value in MD simulations with bias. The bias is often a function of one or multiple CVs.



Given a time-independent bias, the ensemble average of an observable in an unbiased sim-
ulation can be obtained from the ensemble average in the biased simulation by performing a

weighted average[14] over the frames of the simulation:

0y T, 0(X(t))efV X®)

O) = ~ _
O = ey 3, efV(X(t)

(1.7)

However, there are multiple enhanced sampling methods which add bias potentials which are
time-dependent, such as metadynamics (MetaD)[15] and on-the-fly probability enhanced sam-

pling (OPES)[16].

1.3.3 METADYNAMICS
MetaD[15] introduces a time-dependent bias potential which is a sum of Gaussians:

G (E-55)?

V(1) = Zhge_ 2l (1.8)
g=0

where G(t) is the number of Gaussians that were added up to time ¢ and hg, &5, and o, are the
height, mean, and standard deviation of the g-th Gaussian, respectively. These Gaussians are
added at a regular interval in the simulation and are centered at the immediate value of the CV
when they are added.

In the original formulation of MetaD, the height and standard deviation of the Gaussians were
all the same. One popular variant of MetaD is well-tempered MetaD (WT-MetaD)[17], where the
height of the Gaussian g deposited at step s is decreased based on the amount of bias already

present at & ()? (ts)) according to

hy = he™V EX)10)[kpAT, (1.9)



where h is the base height for all Gaussians, t, is the time that Gaussian g was added, and AT is
a tempering factor that controls the degree to which the Gaussian height decays. This ensures
that the bias converges to a finite value in the long-time limit [18]. This allows the reweighting

in Eq. 1.7 to work for WT-MetaD after first waiting for the bias to converge.

1.3.4 ON-THE-FLY PROBABILITY ENHANCED SAMPLING

OPES[16] introduces a time-dependent bias that is chosen to sample a target probability dis-

tribution:

1 pED
=1
vien =g’ &

where p(&, t) is the estimate of the unbiased probability distribution obtained from kernel density

(1.10)

estimation and p; (&) is the target distribution. Upon choosing the biased probability distribution

of WT-MetaD as the target, the bias becomes

V(Et) = (1 - 1—13) %In (pZ(":ti) + e), (1.11)

where B = (T+AT)/T is called the “bias factor™, p(¢, t) is the unnormalized estimated probability
distribution, Z(t) is the normalization factor for p(¢,t), and € is a regularization term that is
introduced to ensure that the bias remains finite whenever p(¢,t) = 0.

The regularization term is chosen to be € = e PAE/(1=1/B) 'where AE is a parameter that affects
the maximum value of the bias potential. Wherever p(&,t) = 0 the bias V(&,t) = —AE, and at
the maximum value of p(&, t), the bias will consistently be slightly over 0. This not only gives
control over the amount of bias to be added, but in practice also causes the amount of bias in the
simulation to reach its final value effectively instantly, assuming a sufficiently small update pace.

This rapid convergence means that the reweighting in Eq. 1.7 starts applying quickly.

"Note that the bias factor is usually labeled y, but here we require a different label to avoid confusion with the y
parameter in EATR.



In Ref. [16], the implementation of OPES includes the ability to select a region where bias
cannot be added, which provides more control over the bias and is useful in obtaining rate con-

stants.

1.4 CoMPUTATIONAL METHODS TO OBTAIN RATE CONSTANTS
FROM MOLECULAR DYNAMICS SIMULATIONS

Because of free energy barriers separating metastable states, transitions are often “rare events,”
where the system first spends a long time in its current state before a rare fluctuation causes a
transition to another basin. Assuming that these events are independent from one another, we
can model them as a Poisson process with transition times distributed as

_ (kt)ne—kt

P(n;t) ma

(1.12)

where P(n;t) is the probability that n transitions occur in an interval of length t and k is the rate
at which transitions occur. For first-order reactions with a single molecule, k is the rate constant.
In MD simulations, a natural way to determine the rate constant is to consider the probability

from Eq. 1.12 that zero transitions occur within time ¢:
S(t) = P(0;1) = e7X, (1.13)

which we call the survival function. In principle, we could run a large number of simulations
and keep track of the fraction of them which have not experienced at least one transition, then
estimate k by either fitting to Eq. 1.13 or by computing the reciprocal of the mean first transition
time.

In practice, for real problems of interest we can simulate a single copy of our system for at most



hundreds of microseconds of MD simulation per month, using even the best available resources.
This prevents us from properly sampling the transition time distribution in cases where the mean
transition time is on the order of milliseconds, or even seconds, as is often the case for biological
processes of interest. This requires alternate methods to estimate the rate for a given transition

process.

1.4.1 TRANSITION PATH SAMPLING

Transition path sampling [19, 20] obtains rates by sampling an ensemble of trajectories with
importance sampling. Given a trajectory X;(t) from state A to state B, we can produce a new
trajectory by selecting a step s* in the trajectory where )Z}(ts*) is near the barrier, changing the
velocities at that step, and simulating the system forward and backward in time from that step.
This is called a shooting move. The resultant trajectory )2i+1(t) is accepted in the importance

sampling with the probability

w(Xi, 5, 8)ha(Xis1(0)) hp(Xin (T))
w(Xis1, 8%, —8)ha(X:(0))ha(Xi(T)) )

Paccepr = min |1, (1.14)
where w()_() , 8, 0) is the probability of selecting the step s in X (t) and changing the velocity at that
step by 9, hy (X) is the indicator function that is 1 only when X isin A, and T is the total length
of the trajectory. If )Z-H(O) ¢ Aor )_(),-H(T) ¢ B, the trajectory is automatically rejected. With

enough shooting moves, we construct an ensemble of trajectories distributed according to

PIX ()] = peg[X (£)1ha(X(0))hp(X(T)), (1.15)

where peg [X (¢)] is the probability density for obtaining the trajectory X (t) in a simulation.

The rate constant k from A to B can be calculated from this ensemble by the following equa-



tion:

_ 1 (ha(0)ha(T))

: T (hay

(1.16)

where the averages are taken over the path ensemble. This is valid as long as T is long enough to
always capture the full transition path, yet short enough that there will only be one transition.
This method does not require an additional bias potential, and therefore the transition paths
which are sampled are guaranteed to be physically reasonable. However, this method requires
an initial transition path near the transition path ensemble, and it can be difficult and/or com-
putationally expensive to obtain a representative set of transition paths[20]. To sample a large
number of trajectories efficiently, we need to select steps for shooting moves that are near the bar-
rier, because otherwise almost every trajectory will start and end in the same state. This requires
a measure for how likely a trajectory is to reach one state versus another, which is captured in
the committor probability[20-22]. However, while recent methods have made significant progress
towards obtaining it[23, 24], the committor probability is generally very expensive to obtain for

an arbitrary system.

1.4.2 HYPERDYNAMICS

Hyperdynamics [25, 26] or conformational flooding [27] is a method derived from transition
state theory to obtain unbiased rate constants from molecular dynamics simulations with a static
bias. According to transition state theory, the rate constant is given by the following ensemble

average:

ko = {[018a(X)Yo.a, (1.17)

where the average is taken over the initial state A, |o| is the component of the system velocity

perpendicular to the boundary of A, and 8, (X) is the Dirac delta function at the boundary of A.



In a biased simulation, we can perform reweighting with Eq. 1.7 to get the following:

o (lsa)y, K
(|0]84(X) Y04 = Yy (1.18)

where we can eliminate the eV from the numerator of Eq. 1.7 only if there is no bias at the
boundary of A. In Ref. [25] it was shown that this is equivalent to scaling the duration At of each

step s of a biased MD simulation according to
Aty(s) = APV X)) (1.19)

By rescaling every step in a set of MD simulations, we can sample the unbiased transition time

distribution of a transition process, and obtain the unbiased rate constant.

1.4.3 INFREQUENT METADYNAMICS AND OPES-FLOODING

Infrequent MetaD (iMetaD)[28, 29] is a rate estimation method where we apply the ideas of
hyperdynamics to a set of simulations biased with MetaD. Typically, instead of rescaling each
timestep and adding them together to get a total time, an equivalent calculation is done where

the scaling factor is averaged across time, then is multiplied by the total biased time.

tl

S

1 -
ty =t (— Z eﬁV(X(tS))At’) =t Xa, (1.20)

where « is called the acceleration factor.

There are two considerations that are important when applying hyperdynamics to MetaD
simulations. Because the bias is not truly static, the reweighted ensemble average in Eq. 1.18 is
no longer exact. However, as long as the Gaussians in MetaD are added infrequently, the time
rescaling argument will mostly hold while the bias is static between the Gaussian additions. The

second thing to consider is that we generally do not control where the bias is added in MetaD. As

10



such, it is possible that at some point the bias on the boundary of A will not be zero. However,
again as long as the Gaussians are added infrequently, it will be very unlikely that a Gaussian
will be added within the short time when the system is at the boundary.

The ideas from iMetaD can also be applied to OPES simulations, in which case the method
is called OPES-flooding, or OPES{[30]. The above concerns are better addressed in OPES{, as the
bias may be considered “pseudo-static” because it converges quickly, and we can select a region
of space where bias is not allowed to be added.

To use hyperdynamics, we need to apply a static bias, which requires some prior knowledge
of the system to construct. For iMetaD, we use MetaD to apply the bias, which only needs a CV
to construct the bias on the fly. Because of this, iMetaD is easy to use and provides reasonable
results in many cases. However, it turns out that iMetaD requires an ideal CV to give the correct
unbiased rate constant. As an illustration, consider a two-dimensional double well system with
coordinates x and y as shown in Fig. 1.1, and consider using x as the biasing CV &(x,y) = x.
MetaD would apply a bias V(x) that is a function of only x, so the same amount of bias is added
to all points with the same value of x. If a Gaussian is added when the system is at point A, bias
will also be added to the transition boundary at point B, which violates the requirement that the

bias at the boundary is zero.

1.4.4 KRAMERS TIME-DEPENDENT RATE

The Kramers’ time-dependent rate method (KTR)[31] is a rate estimation method based off
of Kramers’ rate theory. According to Kramers’ rate theory, the rate of escape over a harmonic

barrier I for a one-dimensional system in a harmonic well A is given by

WAWL _pAU —-BAU
ko = ¢ PAU = Kppee™ (1.21)
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Figure 1.1: The contour plot of the potential energy for a two-dimensional two-state system, Uy(x, y).
The contour plot for the bias V(x) is overlaid on top of it. Point A is a reasonable location for the system
when it is in the lower state and point B is on the boundary of the lower state. Points A and B share a
value of x, so the bias at A is equal to the bias at B.
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where w; is the resonant frequency of the harmonic i, { is the friction coefficient, and AU is the
difference in energy between the well minimum and the barrier maximum. For the purposes of
KTR, the prefactor is bundled into a single constant k.. Upon adding a bias V(¢) that is zero on

the barrier, the rate becomes

k' = kpree PAUTYA) = o e PAU PV = fpefVa (1.22)

where V} is the value of the bias at the well minimum. This is only valid if we assume that the
bias does not significantly alter kpr.. A few changes are made to apply this to a simulation biased

with MetaD without prior knowledge of the PMF, leading to:
k' () = kyePr V(D) (1.23)

where V4, (1) is the maximum value of the bias potential at time ¢ averaged over all simulations,
and y € [0, 1] is a scaling factor for the bias to account for the possibility that the bias is nonzero
on the barrier.

Because the biased rate changes as bias is added over time, the Poisson distribution is no
longer directly applicable. We instead need to model the transition as an inhomogeneous Poisson

process, with a survival function of the form
S(t) = e~ b k)t (1.24)
which, upon plugging in k’(t) from KTR, yields
S(t) = e ko fy P ar (1.25)

In Ref. [31], values for k; and y were obtained using maximum likelihood estimation (MLE).

13



In Ref. [32], I demonstrated that these values could also be obtained from directly fitting the first
transition times to the cumulative density function (CDF), h(t) = 1 — S(t).

The y value we obtain from this method is selected automatically while estimating k, to be
the best estimate for the fraction of the bias that went into decreasing the barrier. As such, y can

be considered to be a measure for the quality of the CV in describing the transition process.

1.5 THaESIS OVERVIEW

The research work presented in this thesis produced a variation of the KTR method called
the exponential average time-dependent rate (EATR) method, which connects the methodology
presented in the KTR method to the theory used in hyperdynamics, iMetaD, and OPES{.

In Chapter 2, we generalize the KTR method to apply to any model for how the rate constant
changes when a bias potential is added, and derive the EATR method from that. The model for the
rate’s dependence on the bias is chosen to ensure that there is agreement with iMetaD when the
CV quality measure y = 1. After this, we show that the EATR method makes accurate predictions
for the unbiased rate constant and CV quality in a one-dimensional potential, a coarse-grained
protein folding model, and a fully atomistic protein folding model.

In Chapter 3, we apply EATR to a recently developed machine-learned CV[33] to measure
the CV quality measure y over the course of the training process. We are able to observe the CVs
improve during training on multiple protein-ligand systems, demonstrating that y does accurately
measure CV quality.

In Chapter 4, we demonstrate that EATR requires a varying bias potential to properly esti-
mate the effect that a bias has on the observed rate. We, then, extend EATR to work for time-
independent bias potentials by combining data from multiple sets of simulations with different
amounts of bias. We demonstrate that the extended method, EATR-flooding, works well on a

coarse-grained protein folding system and a cavity-ligand toy model system.
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2 THE EXPONENTIAL AVERAGE

TIME-DEPENDENT RATE METHOD

This chapter is adapted from the published paper[32]:
Mazzaferro, Sasmal, Cossio, Hocky, J. Chem. Theory Comput. 2024

DOI: 10.1021/acs.jctc.4c00425

2.1 ABSTRACT

Our ability to calculate rates of biochemical processes using molecular dynamics simulations
is severely limited by the fact that the time scales for reactions, or changes in conformational
state, scale exponentially with the relevant free-energy barriers. In this Chapter, we improve
upon a recently proposed rate estimator that allows us to predict transition times with molecular
dynamics simulations biased to rapidly explore one or several collective variables (CVs). This
approach relies on the idea that not all bias goes into promoting transitions, and along with the
rate, it estimates a concomitant scale factor for the bias termed the “CV biasing efficiency” y. First,
we demonstrate mathematically that our new formulation allows us to derive the commonly used
Infrequent Metadynamics (iMetaD) estimator when using a perfect CV, where y = 1. After testing
it on a model potential, we then study the unfolding behavior of a previously well characterized

coarse-grained protein, which is sufficiently complex that we can choose many different collective
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variables to bias, but which is sufficiently simple that we are able to compute the unbiased rate
directly. For this system, we demonstrate that predictions from our new Exponential Average
Time-Dependent Rate (EATR) estimator converge to the true rate constant more rapidly as a
function of bias deposition time than does the previous iMetaD approach, even for bias deposition
times that are short. We also show that the y parameter can serve as a good metric for assessing
the quality of the biasing coordinate. We demonstrate that these results hold when applying
the methods to an atomistic protein folding example. Finally, we demonstrate that our approach
works when combining multiple less-than-optimal bias coordinates, and adapt our method to the
related ‘OPES flooding’ approach. Overall, our time-dependent rate approach offers a powerful

framework for predicting rates from biased simulations.

2.2 INTRODUCTION

A major challenge in biomolecular simulation is to be able to accurately assess the transi-
tion rate constant (inverse of the mean residence time in a state) of complex processes, including
conformational transitions and the binding/unbinding of macromolecules and their ligands. Pro-
cesses of interest often involve rare events, where the system spends a large amount of time in
a metastable state and rarely transitions to another relevant one, so the transition path time is
typically orders of magnitude shorter than the time spent in either state [34]. Because of this,
extracting rates of such processes directly from unbiased simulation is out of reach for all but the
simplest of systems.

Numerous methodologies have been developed to accelerate rare conformational transitions,
with the primary purpose being to compute ensemble-averaged observables [35, 36]. A major sub-
class of such methods operate by adding an additional biasing potential to the system’s Hamilto-
nian, usually in terms of a small set of collective variables (CVs) which are believed or determined

to be good descriptors of states of interest, or the path between them [35, 36]. Common exam-
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ples of such methods include Umbrella Sampling, Adaptive Bias Force, Metadynamics (MetaD),
Variationally Enhanced Sampling, and On-the-fly Probability Enhanced Sampling (OPES), among
others [15-17, 37-42]. All of these methods pay the price of distorting the system’s dynamics to
obtain a much more rapid estimate of the underlying free-energy landscape as a function of the
CVs.

Most methods that tackle the problem of computing rates of rare transitions seek to generate a
set of unbiased trajectories, either through combining direct sampling of many short trajectories
from different starting points [43, 44] as done in Markov State Modeling, through Monte Carlo in
trajectory space as in Transition Path Sampling[19], or by generating trajectories that progress in
a particular coordinate as in Forward Flux Sampling [45], Steered Transition Path Sampling [46],
Weighted Ensemble [47], Transition Interface Sampling [48], and Milestoning [49]. However,
these methods are computationally expensive, and some scale poorly with system size, making
them challenging to apply for the complex biophysical problems we are interested in studying,
such as finding the timescale for protein-drug unbinding[50], for the RBD opening of the SARS-
CoV-2 Spike protein [51] or for the unbinding of cytoskeletal adhesion proteins under force [9,
52, 53].

As such, we are interested in approaches that build on CV biasing methods, which have been
used to probe conformational transitions with sufficient computational efficiency even for rel-
atively complex biological assemblies. The challenge already mentioned is that these methods
alter the dynamics, which prevents any obvious solutions to inferring the unbiased time scales
of events. However, starting with the Hyperdynamics method of Voter, it was shown that the
first passage time of rare events could be approximately predicted using biased simulations if
bias is not applied during the actual crossing through the transition state, by formulating an
ansatz for how time is accelerated [25, 26]. This approach was originally developed using a
time-independent potential defined on the whole system of interest, but later in the Infrequent

Metadynamics (iMetaD) approach the same ideas were extended to CV biasing. MetaD [15] works

17



by updating an external bias with a Gaussian centered at the current position in CV space every
A time steps (see Sec. 1.3.3 for details). iMetaD solves the problem of not biasing the transition
over the barrier by only rarely updating the bias potential, such that it is unlikely to add bias
on a high barrier during a fast crossing. iMetaD also introduces an additional approximation
since the system is experiencing a time-dependent bias rather than a static one. The difficulty of
avoiding adding bias during barrier crossings can also be mitigated by MetaD variants that only
add bias within a region or up to a certain energy level [54, 55], which is now particularly easy
to implement in the OPES variant of MetaD [16, 30]. iMetaD and similar approaches have now
been used and benchmarked for many different problems, especially for protein-ligand unbinding
problems[56], as reviewed in Ref. [57].

To extract the transition rate, these methods assume that a “good” CV is used, and validate
the rate estimates using a Kolmogorov-Smirnov (KS) test between the empirical and theoretical
survival distributions. Unfortunately, for large and complex transitions, the CV that is used may
be poor because finding a good CV is challenging. Moreover, CV quality indicators, such as the
committor [20], are expensive or intractable to compute. The Kramers time-dependent rate (KTR)
method[31] was recently developed to extract transition rates from biased simulations, such as
those used for iMetaD, but with much less sensitivity to CV choice. It introduced a new parameter
Y, called the CV biasing efficiency, that scales the effect of the added potential. In that work, it
was shown that y had a lower value for a poor CV in a simple 2D double-well potential, and as
such it was assumed to relate to the CV quality [31]. However, this has not been systematically
demonstrated, and KTR has not been benchmarked on a problem where many CVs could be tested.
Moreover, a direct connection between the KTR and iMetaD estimators has not been established.

In this work, we introduce a more general framework for computing rates from time-dependent
biasing protocols, which allows us to treat the iMetaD and KTR estimators on the same footing.
We then use this framework to propose a revision to KTR termed the Exponential Average Time-

dependent Rate (EATR) method that bridges the two approaches. The EATR approach is shown to
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give the correct Kramers’ rate when y = 1 for an idealized 1D potential. Then, we use a Go-protein
system as a model to show how the prediction of rates depends on the choice of bias coordinate,
and compare EATR’s results to the true intrinsic rate. Importantly, we find that y correlates with
the intuition of CV quality. We find that for the poor biasing coordinates, the original KTR and
EATR results are comparable and they enable an accurate recovery of the unbiased rates. Sur-
prisingly, this is often true even in the frequent-biasing regime. These same general conclusions
hold when applied to the folding of the small peptide chignolin, using biased trajectories along
three CVs from Ref. [58] provided by the authors.

The chapter is organized as follows. First, we present a general theory for rate calculations
from time-dependent biased simulations. We relate it to iMetaD and KTR, and then formulate
the EATR approach. Then, we show results for a 1D overdamped Langevin dynamics simulation,
and for the unfolding process of two proteins for which we can easily compare biasing different
CVs. We also adapt our approach to be used with OPES rather than a MetaD biasing protocol.
We show that the method can be extended beyond one biasing coordinate, presenting accurate
results on protein G unfolding when biasing two CVs simultaneously. We end with conclusions

and future perspectives of the work.

2.3 THEORY

2.3.1 TRANSITION RATE FOR RARE EVENTS

The rare event problem constitutes the stochastic crossing of a single free-energy barrier,
where typically the waiting time to cross the barrier is much longer than the transition time
over it. For a high barrier, the survival function S(¢), which is the probability of a transition

not occurring before time t, is given by an exponential distribution characterized by a single
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transition rate constant ko,

S(t) = e kot (2.1)

Note that this survival probability is related to the probability of a transition occurring at time ¢
via

_ds()

p)=-——. (2.2)

and it is also related to the cumulative distribution function (CDF), the probability that a transition
occurred by time t,

CDE(t) = 1 - S(t) . (2.3)

For Brownian dynamics, Kramers’ rate theory[59-62] can be used with several approxima-
tions to calculate the barrier crossing rate,® ko, from the bottom of a well on a potential surface

U (x) containing a single high barrier,

-1
ko = D [ / e PV dx / eﬁU(">dx] , (2.4)
well barrier

where D is the diffusion coefficient.

However, for most systems of interest, the diffusion coefficient and underlying potential (or
free-energy landscape) are not known and, therefore, one cannot directly use Eq. 2.4 to estimate
the rate. Instead, the transition rate constant can be calculated using the survival function and
a set of simulations i = 1,..., N where M < N have crossed the barrier and N — M have not.

Let t; be the time the i-th simulation crossed the barrier, and t; = T; the total simulation time for

simulations i = M +1,..., N. For right censored transition times, the likelihood is given by
M N
z=[]pw [] s, (25)
i=1 i=M+1

3By convention, the term “rate” is often used in the Kramers’ problem when referring to the rate constant/coef-
ficient, and so we also use the term rate when not specifically referring to the rate constant, k.[62]
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which is the product of the probabilities of the transitions occurring at times {#;}*  and the

probabilities of not transitioning before the times {t; = Tl}f\i 141 for N — M simulations [63].

An estimate for the transition rate constant can be obtained by substituting Eq. 2.1 and Eq. 2.2

into Eq. 2.5 and maximizing the logarithm of the likelihood with respect to ky,

. M
ko= ——- (2.6)
i=1 Li

Note that the summation in the denominator takes into account the simulations that did not tran-
sition. When all simulations have crossed the barrier, Eq. 2.6 reduces to the inverse of the average
barrier-crossing time, ko = (%;)~! where the overline denotes the average over the simulations.
The transition rate can also be calculated by fitting the CDF (Eq. 2.3). To do so for the same
set of simulations i = 1,..., N, we construct an empirical CDF h(t;) which is the number of
simulations that have transitioned before t; over the total number of simulations. The theoretical

CDF can then be fit to the empirical CDF with a least-squares method by optimizing k.

2.3.2 EXPRESSION FOR THE GENERAL TIME-DEPENDENT RATE

For time-dependent biased simulations, such as a MetaD simulation, the transition rate is no
longer a constant, and hence we would like to formulate a general expression for the survival
function in the case of a time varying potential (similar to a situation considered by Zwanzig in

Ref. [64]). Without loss of generality, we can write

S(t)y=e" fotk(t/)dt, = ¢ ko fotf(t/)dt/ (2.7)

which can be used in Eq. 2.3 for fitting to an empirical CDF. Here, we introduce a time-dependent

rate constant k(t), and then re-express k(t) as the unbiased kj scaled by a function of time,

k() = ko £(2) . (2.8)
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dlog(S(1))
T dr

Because S(t) = €°8(5(") | this is equivalent to defining k() = , and we can do this

because we expect log(S(t)) to be differentiable at ¢ > 0 for a physically realizable process.

Substituting Eq. 2.7 into Eq. 2.5 results in a general likelihood given by

M N
F = ]_[ kof (t;)e *o b’ (1)’ ﬂ e~ko [y F(d (2.9)
i=1

i=M+1

which can be simplified by taking its logarithm

M N ti
log() = Mlog(ko) + D log(F(6) ~ka Y, [ £(¢)de’. @10)
i=1 i=1

Similarly to the unbiased case, we can maximize this expression with respect to ko, to obtain k;

as an estimator for the true rate constant,

. M
0o — i .
N fandr

(2.11)

Maximization of the log likelihood function answers the question: what k, best describes the
observed biased survival times assuming the particular form of the time-dependent rate constant

given by Eq. 2.8.

2.3.3 REeLATION TO IMETAD

In the hyperdynamics method [25, 26], the rate from transition state theory is scaled by the
acceleration factor a = <eﬁv(x)> where V(x) is a fixed bias function added to the system’s Hamil-
tonian as a function of the system’s full coordinates. This « arises by considering the average
effect in many individual trajectories whose time is dilated by a factor efi!) where V(1) is the

bias experienced by the system during simulation i at time ¢. Hyperdynamics then corresponds
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to a rate scaling function of the form
) =("™) =q, (2.12)
and replacing it in Eq. 2.7 results in the survival probability
S(t) = e~koat | (2.13)

Using this expression and assuming all simulations transitioned (M = N), the likelihood maxi-
mization gives

ky = (2.14)

1

a_t_i :

In iMetaD, the form of the bias is also changing in time along with the configuration of the
system in a history-dependent manner. Therefore, in iMetaD an acceleration factor for each
simulation is approximated as a time average over that simulation instead of calculating it as
a configurational average, o; = % /Oti ePVi() g’ In the Supplementary Information Sec. 2.8.1,
we show that if we use this expression in our time-dependent rate formulation, we recover the
standard rescaling formula used in iMetaD,

1
ki = —
* ()

_ (2.15)

We note that this result is derived using the LM approach for the case where all simulations have
transitioned.

In Ref. [29], it was shown that directly fitting the theoretical CDF (obtained from Eq. 2.13) is
less sensitive to outliers in the tail of the distribution. The KS test can be used to assess whether
the transition distribution is well-described by the theoretical CDF (see Sec. 2.6.4). Recently, it

was also suggested that the short time information from the CDF can be fit to get a more robust
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estimate of the rate [58]. We note that the results from likelihood maximization (LM) and CDF

fitting need not coincide, as we will describe below.

2.3.4 KRAMERS TIME-DEPENDENT RATE AND THE CV BIASING EFFICIENCY

Most of the transition-rate methods for biased simulations, such as those described above,
are formulated assuming that is possible to apply the bias along a perfect CV, where all added
bias accelerates the barrier crossing event. However, for large biomolecular systems, choosing a
priori a perfect CV for accelerating transitions to another targeted state is almost impossible. In
practice, the bias is applied along non-ideal CVs, which insert bias along useless directions that
are not aligned with the transition path.

To overcome this issue, the KTR theory [31] introduces a parameter, y € [0, 1], to account for
the efficiency of the biased CVs. In addition to the unbiased rate, y will also be estimated from the
simulation transition times, and it will inform about the quality of the CV with y — 0 reflecting
poor CVs and y ~ 1 good ones. In the KTR approach as previously implemented, the efficiency

of CVs is accounted for by defining the scaling function as
f(t) = ePrmaxtit) (2.16)

where max V;(t) is the maximum bias applied at any point up to time ¢ in simulation i, averaged
over all simulations (denoted Vjg(t) in Ref. [31]). This form of treating the biasing potential was
inspired by rate-calculation methods developed for force-spectroscopy[65, 66], where the barrier
is reduced due to the external force, and therefore, by using m it was assumed that the

bias only affects the barrier height. Inserting Eq. 2.16 into Eq. 2.7 gives

t max i 7
S(t) = e~kofp SO (2.17)
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which can be used directly in a CDF fit. Substituting this expression into the log-likelihood from
Eq. 2.10, and maximizing it with respect to kg results in a y-dependent expression for the unbiased

rate constant,
M

ko(y) = ——.
0 N fot' ey max Vi (1) jy/

(2.18)

To obtain the maximum likelihood estimate for both y and k(, Eq. 2.18 is substituted back into

the log-likelihood function and it is maximized numerically with respect to y.

2.3.5 EXPONENTIAL AVERAGE TIME-DEPENDENT RATE (EATR)

While rate constants computed by the KTR approach are accurate (as shown in Ref. [31] and
in the following sections), we show below in Sec. 2.4.1 that it has the undesirable property that it
does not agree with the iMetaD estimator when y = 1, whereas we expect the iMetaD estimator to
be correct for an ideal coordinate with a very high barrier and slow deposition time. The reason
for this discrepancy is the way in which the average effect of the bias is defined—for iMetaD
ePVi(1) is averaged, whereas for KTR the maximum of the biasing potential is averaged.

To unify the two theories, we propose the following modification to the KTR method, which
will have the desired property of producing the same rates as iMetaD in the case where y = 1. To

do so, we introduce the scaling function

f(t) =it (2.19)
This gives the time-dependent rate
k(t) = koePrVi() | (2.20)
and the survival probability
S(t) = e ko fy /M ar (2.21)
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Substituting this expression in Eq. 2.10 results in a log-likelihood of the form

M
log & =Mlog ko + Z log efrVi(ti)

i=1
N i
— ko Z/ ePrvit) gt
i=1 ¥0

(2.22)

In the case where all simulations transition (M = N), the optimal unbiased k, as a function of
y is given by,

K1) = ——, (2.29

S eprvi)dy

where we have benefited from the idempotence of averages to rewrite the average of an average
as a single average. Observing that when y = 1, the term within brackets in the denominator is
equivalent to t;a;, this estimator is then identical to the standard iMetaD estimator in Eq 2.15. Sim-
ilarly as with the KTR, we can now substitute Eq. 2.23 into the expression into the log-likelihood
and numerical maximize it with respect to y to obtain estimates for both the unbiased rate con-
stant and the efficiency of CVs. Incidentally, it might seem from the final step of this derivation
that taking the average in Eq. 2.19 was redundant; however, in Sec. 2.8.2 we show that without
doing this average, the log-likelihood cannot be maximized with respect to y.

Importantly, we note that Eq. 2.21 also provides us the option to numerically fit the biased
empirical CDF to find the best values of ky and y. As initial guesses, we use the LM estimates for k
and y, and optimize using the Levenberg-Marquardt algorithm implemented in the SciPy Python
package[67, 68] to fit the empirical CDF to the theoretical CDF obtained from Eq. 2.21. The same
can be done for the KTR method using the theoretical CDF from Eq. 2.17. We note that these

optimization procedures are stable for time-dependent biases. In the Supporting Information, we

explore their combination with OPES flooding [30] that effectively has a time independent bias.
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Figure 2.1: (a) The potential energy profile of the 1D matched-harmonic potential from Eq. 2.24. (b)
The unbiased rate constant from Kramers’ rate theory and from unbiased simulations are shown as the
dashed black line and the dotted blue line, respectively. We compare these with predictions from iMetaD,
and from the KTR and EATR methods by asserting y = 1 as a function of the bias-deposition time (A
dt). Maximum likelihood estimates are represented by open symbols while CDF-fit estimates are filled
symbols. Error bars are from a bootstrap analysis as described in Sec. 2.6.3. (c) The empirical CDFs of
observed transition times over the barrier are shown with their EATR-CDF fits; different bias deposition
times are indicated in the caption with curves with fastest to slowest biasing appearing from left to right.
Fits that fail the KS test are represented with open symbols. The unbiased empirical CDF (black points) is
shown together with the Poisson-process distribution fit (black line) and the predicted distribution using
the Kramers’ analytical expression, Eq. 2.25 (cyan dashed line).

2.4 RESULTS AND DISCUSSION

2.4.1 BENCHMARKING ON A 1D POTENTIAL
The rate methods were tested first on the one-dimensional matched-harmonic potential illus-

trated in Fig. 2.1a given by

U(x) = [1w§(x Cxo)? - —AU] (1-0(x))
2 2
1 (2.24)
- [Ea)f(x —x1)% - — ] 0(x),
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where the subscript 0 corresponds to the well and the subscript 1 corresponds to the barrier,
O(x) is the Heaviside step function, and w; = VAU /x;, which is needed to make the potential
continuous. Full simulation details for this model are given in Sec. 2.6.1.

To estimate the unbiased rate constant, many Langevin dynamics simulations were performed
on the potential from Eq. 2.24, starting from the bottom of the well (Fig. 2.1a). The first barrier-
crossing time for each simulation was recorded, and the empirical CDF was calculated as de-
scribed in Sec. 2.3. The unbiased rate constant was extracted by fitting the distribution to the
expected Poisson process. The 2-sample KS test was performed to assess whether this transition
is accurately described by a Poisson process. The p-value for the KS statistic is 0.97, demonstrat-
ing that the transition times are likely Poisson-distributed data. This yielded a log;o value of
—5.98 + 0.04 where rate constants are in units of 771, with 7 as the time unit, and the error is the
standard deviation obtained from bootstrap analysis[69] (see Sec. 2.6.3). The log; estimate calcu-
lated with Kramers’ theory using Eq. 2.4 is —6.02, which agrees with the empirical rate constant
within error.

We then performed well-tempered metadynamics (WT-MetaD) simulations (see Sec. 1.3.3)
for this system to predict the rates using iMetaD, KTR, and EATR using different bias-deposition
times A dt with dt the MD timestep (varying from 10 to 10000 7, which corresponds to fractions
of the mean-first passage time varying from 107® to 1072). In Fig. 2.1, we compare the methods
for both the LM and CDF-fit for the situation where y = 1 is enforced, because (i) this allows us
to only assess the quality of the different time-dependent rate metrics, and (ii) for a 1D potential,
all bias should go into promoting the transition as there are no orthogonal degrees of freedom;
results obtained from fitting both k, and y are shown in Fig. 2.7. We find that the original KTR
method does not give a rate consistent with the empirical unbiased rate when y = 1. On the
other hand, we find that both the iMetaD and EATR methods are consistent with the expected
values for the rate. Moreover, in agreement with Ref. [29], we find that fitting the CDF provides

more accurate rate estimates than LM at small A for all three methods, with the discrepancy
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Figure 2.2: The potential of mean force along the fraction of native contacts Q for the Go6-like model of
the B1 domain of protein G colored according to the average committor function. The value of Q where
the average committor is 0.5 is marked with the dashed line, while the critical value for unfolding Q = 0.35
is marked with the solid line.

between the two fits negligible for large A. The rate estimates for each fitting procedure improve
as A increases, which is consistent with the principles of iMetaD. This is also consistent with the
results of the KS test. The 2-sample KS test was performed on iMetaD and the 1-sample test was
performed for KTR and EATR as explained in Sec. 2.6.4. The KS tests failed for the CDF fits at
A dt = 10' 7 and 10° 7 and passed for the CDF fits at A dt = 10> 7 and 10* . These KS test failures
are shown for EATR in Fig. 2.1c as open circles. Given that the rate estimates are more accurate

for fitting the CDF (even when the KS test fails), we report results from the CDF-fitting procedure

below.

2.4.2 PROTEIN G UNFOLDING

2.4.2.1 AprprLICATION OF KTR AND EATR UNDER WT-METAD BI1AS

We now focus on a more complex system, the unfolding of the B1 domain of protein G using a
Go-like potential and MD simulations. This system has the advantage that it is possible to obtain

an unbiased estimate of the unfolding rate, while having a rich unfolding landscape complexity,
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Figure 2.3: (a) The rate constants obtained from fitting the CDF for iMetaD (black), KTR (blue) and
EATR (orange) for each CV at various deposition times (A dt). The horizontal dashed line represents the
empirical rate obtained from unbiased simulations. Open shapes indicate where the KS test failed. (b) y
values obtained for the KTR and EATR methods. Horizontal dashed lines represent the bounds placed on
Y- In both panels, the error bars are computed from a bootstrap analysis as described in Sec. 2.6.3.

and many possible choices of CVs to characterize the transition [70]. Below, we will evaluate the
quality of several good and bad CVs for predicting rates. For this study, we first considered the
fraction of native contacts Q and distance between the ends of the protein (R.) which were shown
to be a good and bad coordinate, respectively, for characterizing the folding of this protein in
Ref. [70]. In addition to these two CVs, we will consider the radius of gyration (R;), the root-mean-
squared-deviation from the native state (RMSD), and a recently developed linear-discriminant
analysis coordinate maximally separating states as defined through a clustering analysis [71]
(LD1, see Sec. 2.6.2.2, Fig. 2.8).

We first performed a 120 ps-long unbiased simulation to study the system’s behavior. For this
unbiased trajectory, we computed the potential of mean force (PMF) along each CV by taking
the negative log of the histogram of observed CV values (Eq. 2.26). The PMF for Q is shown in
Fig. 2.2, and along all CVs in the SI Fig. 2.9, revealing a range of potential profiles and apparent

barrier heights. Although the PMFs of each CV exhibit two wells, we know that Re. is a poor CV
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for characterizing unfolding because the unfolded ensemble contains configurations with small

values of R.. comparable to the folded state, resulting in an unusually shaped basin at small values

of the CV.
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Figure 2.4: Histograms of the maximum bias deposited for the WT-MetaD simulations for the five CVs
and different bias-deposition times. As the biasing efficiency y increases, there is a decrease in the amount
of bias needed for transition.

In contrast, we expect Q to be a good CV for unfolding [72], and so we used Q to define
when our system has transitioned out of the folded state by using the average committor in the
unbiased simulation [20-22]. To do so, we computed for every frame whether the simulation next
reached the metastable free-energy minimum on the left (unfolded) before reaching the global
minimum on the right (folded), and computed the average by binning these values as a function
of the corresponding value of Q in that frame. Based on this result, shown in Fig. 2.2, we defined
the unfolded region to be where Q < 0.35 because the average committor to the left of this
point is effectively 1.0. To estimate the unbiased rate, we ran 200 unbiased simulations of the
protein with randomized initial velocities, and stopped these simulations when Q dropped below
Q = 0.35 using the COMMITTOR function of PLUMED ([73]. The residence time for the folded state
was recorded for each simulation. The unbiased rate constant was determined to be 1.4 +0.1us™!
using the CDF-fitting procedure previously described. The KS test using a Poisson distribution
passed with p = 0.65, demonstrating a good fit.

We then performed 100 biased simulations for each CV at various bias-deposition times to

determine how sensitive each method was to biasing speed. The recovered rate constants from the
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methods are shown in Fig. 2.3a for each of the biased CVs as a function of the bias-deposition time
A dt. Bias deposition times varied from 1 ps to 10 ns, corresponding to fractions of the mean first
passage time ranging from ~ 107® to ~ 1072 as in the case of the simple potential in the previous
section. As expected, longer hill deposition times are observed to generally increase the accuracy
of all rate calculations. However, for intermediate to fast-deposition times, KTR and EATR predict
unbiased rate constants closer to the true rate than does iMetaD, especially for the three CVs
shown on the left of Fig. 2.3a. We also performed a similar study using untempered MetaD and
find that, similarly, all methods work well, with KTR and EATR slightly out-performing iMetaD
in the fast biasing regime (SI Fig. 2.10).

The KTR and EATR methods also give a measure of the CV biasing efficiency y, which is
shown in Fig. 2.3b. We find that Q and RMSD typically give higher values of y than the end-to-
end distance (Re.) and the radius of gyration (R;). This coincides with the physical intuition of
protein unfolding CVs, where the number of contacts and the similarity to the folded structure
should be most relevant. This also agrees with Ref. [72], which found that Q is a good CV for
this system. The CV obtained from linear discriminant analysis (LD1, Ref. [71]) appears to have
a large value of y for slow biasing and a small value of y for fast biasing. A similar trend appears
for all CVs tested, but this is most prominent in LD1, and we are still investigating the reason y
for LD1 is so much more sensitive than the other CVs here, while still serving as a very good CV
for distinguishing folded and unfolded states (as proposed in our previous study [71]). We note
that the discrepancy between iMetaD and the true rate constant is most pronounced when KTR
or EATR predict lower values of y.

Our intuitive expectation is that a bad CV would require significant amounts of extra bias
to be deposited before the system can overcome the apparent barrier in the FES for that CV,
necessitating a low value of y to compensate in our rate calculation. To check this, we computed
the histogram of the maximum bias across the different simulations at different deposition rates

(Fig. 2.4). CVs with high y and slow deposition have maximum bias that do not exceed the
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apparent barrier, while fast biasing and poor CVs require substantial extra energy to be injected
into the system to effect transitions. Accordingly, if we look at the average bias as a function of
position along a poor and good CV (R, and Q, respectively, in Fig. 2.11), we find that the amount
of bias applied near the transition state is much larger for R,, than Q. Interestingly, even if some
amount of bias is added within the transition region, EATR and KTR are still able to recover the
true rate for most cases. We note that we use max V; in Fig. 2.4 because it is a direct ingredient
in the KTR method. Another interesting quantity to compute here would be the amount of non-
equilibrium work performed by the MetaD bias, which has been recently exploited in another
estimator of rates from time-dependent biased simulations [74].

For all these CVs, the KTR and EATR methods performed comparably well and consistently
performed better than the iMetaD method. Interestingly, the KS test seems not to be as sensitive
for KTR and EATR as it was in iMetaD. Fitting the CDF for iMetaD results in failed KS tests even
where the error in the rate is small, but KTR never failed the KS test for these CVs and EATR only
failed for one condition. This may be an effect of introducing y as an additional fitting parameter,
so it is possible to get fits closer to the empirical CDF with worse rate estimates. In Fig. 2.12, we
show that the introduction of y allows us to make good fits to the CDF; indeed, many pairs of
(ko, y) can be used to fit these data; however, we note that the resulting predicted rate constants
are still quite close to the most confident prediction, so this small amount of flexibility is not a

problem here in practice.

2.4.2.2 ADAPTING THE APPROACH TO OPES FLOODING

As mentioned in the introduction, the MetaD-like method OPES offers a promising alternative
approach to computing rate constants via the estimator given in Eq. 2.15. That is because OPES
has a parameter specifying a maximum amount of bias to add, allowing the method to be kept
below any apparent barriers to the reaction of interest, and it can be adapted to not include bias

outside a pre-specified region of CV space [16, 30]. A brief technical description of the OPES-
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MetaD biasing procedure is given in Sec. 1.3.4. Computing rates in this fashion (referred to as
OPES flooding by Ref. [30]) satisfies the assumptions required to derive the iMetaD rate estimator
without using the infrequent biasing in iMetaD. The OPES flooding bias rapidly converges to its
final value, leading in principle to faster observations of the rare events [30, 57]. We expect that
this approach should work better than traditional iMetaD for high dimensional systems such as
conformational changes in large biomolecular systems.

In principle, our time-dependent rate framework should apply to OPES flooding without mod-
ification. We performed six sets of 100 OPES simulations each for the R.. and Q CVs of the protein
G model to compare the different methods. Each set of simulations used a different barrier pa-
rameter AE, ranging between 1 and 4 kcal/mol, with resulting rates shown in Fig. 2.5a.

OPES-flooding performs comparably to standard iMetaD for both CVs (Fig. 2.5a, Fig. 2.13).
Surprisingly, we found that the rapid convergence of the bias function results in a log-likelihood
for both KTR and EATR which is insensitive to y, making it very difficult to maximize; a discus-
sion on why this is the case is given in Sec. 2.8.9. Attempting to fit both in practice often causes
instabilities with y tending toward the extreme values 0 or 1 (Fig. 2.5b), and leading to the inac-
curate rate constant estimates shown in Fig. 2.5a. Here, we found that EATR performed better
than the standard estimator only in some cases and KTR consistently performed worse. Although
we could not find stable solutions for both y and k; by optimizing the likelihood, we discovered
that we could fit y and k, by determining how the observed unfolding rate constant scaled with
the average of a bias measure as described in Sec. 2.8.9 and Fig. 2.13. This ‘OPES-EATR-slope’
approach results in rate constant predictions accurate to within 5% for both CVs (Fig. 2.5a), but

required combining the results from simulations biased using different OPES flooding barriers.

2.4.2.3 SIMULTANEOUS BIASING OF TWO COLLECTIVE VARIABLES

MD studies involving large biomolecules or molecular assemblies will typically have many

slow degrees of freedom characterizing transitions between important states, and hence we ex-
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Figure 2.5: (a) The rate constant estimates obtained from applying the iMetaD, KTR, and EATR methods
to OPES simulations when biasing Re. (left) or Q (right), varying the OPES barrier parameter. (b) The
values of y obtained from these KTR and EATR fits. Colored horizontal dashed lines in both panels rep-
resent the more accurate estimates obtained from fitting the observed OPES unfolding rate constant and
y as described in Sec. 2.8.9, denoted OPES-EATR-slope or OPES-KTR-slope, using different OPES barrier
simulations; see Fig. 2.13.

pect the need to use multiple CVs to bias the system in order to promote transitions in a reasonably
short amount of simulation time. We wanted to assess whether KTR and EATR still work for this
case, despite the fact that the role of y in characterizing CV quality is less direct. To do so, we
performed WT-MetaD simulations while simultaneously biasing the end-to-end distance Re. and
the radius of gyration R,, and summarize the results in Sec. 2.8.10 and Fig. 2.14. Overall, both
KTR and EATR recovered the rate equally well apart from EATR for the fastest bias-deposition
time, where the KS test failed. For intermediate values of bias deposition time, the value of y
extracted is higher than that of either CV alone, which could be connected to the fact that biasing
multiple CVs simultaneously increases the efficiency of the biasing to produce transitions, and

this is something we will investigate more rigorously in the future.
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2.4.3 CHIGNOLIN MINIPROTEIN UNFOLDING

To ensure that our method is robust for more complicated atomistic systems, we applied the
KTR and EATR methods to the chignolin miniprotein data presented in Ref. [58]. The CVs which
were biased in that paper were the C-alpha RMSD to the folded state, the radius of gyration, and
a CV obtained from harmonic linear discriminant analysis (HLDA), and for each CV and bias
deposition time, 1000 iMetaD calculations were performed.[75] We emphasize that this HLDA
CV is different from the LDA CV used in Sec. 2.4.2, and it was the CV that worked the best in
Ref. [58]. The rate constants and y estimates are given in Fig. 2.6. We found that fitting the CDFs
for KTR and EATR both dramatically improve rate estimates as compared to the iMetaD estimator
(performing at least comparably to the short time fitting in Ref. [58]). Moreover, in this approach
we are able to extract a y parameter showing that, for chignolin, the RMSD to the native is a
worse CV for predicting rates of unfolding than radius of gyration, in contrast to our Go-model
example. As expected based on the more accurate iMetaD results, y for HLDA is much closer to
1, validating that it is a good CV for this problem. Although this CV already gives fairly good rate
constant predictions for slow deposition, accounting for the fitted y when using HLDA in both

EATR and KTR results in nearly perfect rate predictions at all deposition times.

2.5 CONCLUSIONS

In this work, we have developed a general rate theory for time-dependent biased simulations
that encompasses several of the existing methods by using the scaling factor f(t) (from Eq. 2.11)
with different analytical formulations. In practice, LM and CDF-fitting are two different manners
for estimating the unbiased rate constant from an ensemble of simulations launched from a single
state. Although we demonstrate in this work that the previously proposed KTR approach works

robustly for realistic problems, it does not predict as accurate results as iMetaD for the case of an
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Figure 2.6: (a) The unfolding rate constants obtained from fitting the CDF for iMetaD (black), KTR (blue)
and EATR (orange) at various deposition times for each of the biased CVs of all-atom simulations for the
chignolin miniprotein from Ref. [58]. (b) The values of y for each CV for each deposition time. Open
shapes indicate where the KS test failed. The error bars were obtained by bootstrapping with subsamples
of 200 simulations out of the 1000 in each set.

ideal 1D CV. Therefore, we proposed the EATR formulation, which exactly coincides with iMetaD
in the ideal CV case but which gives good rate estimates for bad coordinates more robustly than
does iMetaD, with the additional benefit of reporting on the efficiency of that parameter through
the parameter y. Having a high value of y seems to suggest that KTR or EATR will provide high
quality rate constant predictions. We also foresee using y as a metric that can help us in iteratively
optimize our choice of CV(s) for rate calculations. We do note though that having a good CV for a
rate calculation may not be the same as having a good CV for predicting a full free energy surface,
as it may only be a good way of describing the starting state and configurations on the way to a
transition state.

We have validated the methods over the more complex landscape of G-protein and chignolin
unfolding where we could still have ground truth. We have found that both the KTR and EATR
methods offer accurate rate measurements from biased simulations. The accuracy of the rates
determined from these methods are surprisingly insensitive to biasing rate and CV quality, even

for frequent-biasing regimes where the average maximum bias likely exceeds the true free energy
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barrier. We find that the y computed from both KTR and EATR report CV efliciencies y that
correlate with our qualitative intuition of what is a good or bad biasing coordinates. Overall,
we find that the CDF fit is better than LM to obtain the rate constant, however, many solution
pairs of {y, ko} could pass the KS test, so getting a good fit is not sufficient to guarantee that
the optimal unbiased rate constant was obtained; however, in practice the predicted values were
all very close to the highest confidence prediction (as shown in SI Fig. 2.12). Indeed, for cases
where the biasing potential is well approximated as time-independent (such as OPES flooding),
we find that optimizing both kj and y simultaneously brings unstable solutions. Nonetheless, by
analyzing the unfolding rate constant as a function of a rate scaling function for different OPES
barrier parameter values, we are able to overcome this, obtaining stable and accurate estimates.

We find that for 2D biasing landscapes all methods perform reasonably well, which is an
indication that biasing many directions might be helpful for barrier-crossing enhancement. In the
future, we hope to test the methods on more complex systems using multiple biasing dimensions
and, if necessary, extend the theory to multiple dimensions as was done for force-spectroscopy
in Refs. [76] and [77].

Despite this success, there are several aspects of the EATR method that can still be improved
through future work. For example, we could take into account the effect of the bias on the pre-
exponential factor. Although the method works well in the case of our coarse-grained model of
protein G for very fast biasing, we have not solved the general problem of how to compute rates
in the over-biasing regime where y times the bias could still be larger than the true barrier, as
for example for LDA at fast deposition times (Fig. 2.4), which could lead to the overestimated
rate constants and small y (Fig. 2.3). Addressing this issue will be crucial for systematically using
the EATR method for large systems with many slow degrees of freedom. It might be that using
a slightly more time-consuming procedure like the OPES flooding EATR-slope fit with multiple
barrier heights is the best solution. Going forward, we would like to determine whether it is

possible to find a theoretical interpretation for y in multiple dimensions, e.g. whether it can
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be derived considering projection operator approaches, and investigate whether it is rigorously

connected to non-equilibrium estimators of the effect of a time-varying bias on the rates [74].

2.6 COMPUTATIONAL METHODS

2.6.1 OVERDAMPED LANGEVIN DYNAMICS ON A 1D POTENTIAL

We ran overdamped Langevin dynamics over the potential given in Eq. 2.24 using xy = -3,
x1 = 3, and AU = 8 kgT. We used an integration time step of dt = 0.01 7 where 7 is the time unit.
The friction parameter used was 0.02 7, which corresponds to the friction coefficient { = 50 7!
and the diffusion coefficient D = 0.02 tkgT. All simulations were started from x = —3. Because
the diffusion coefficient and potential are known, we can derive the standard Kramer’s expression

in the Smoluchowski limit [61] from Eq. 2.25

W1 _
ko= ——e pau

ot , (2.25)

and use that to determine the unbiased rate constant. For this specific system, the theoretical
rate constant is 9.49 X 1077 771, These Langevin dynamics simulations were performed using the
PESMD tool in PLUMED ([73]. Some of these simulations were biased using WT-MetaD with a
starting hill height of 1 kgT, a o of 0.5, and a biasfactor of 2.0. MetaD simulations were performed

for four bias-deposition times (A dt): 10! 7, 10% 7, 10° 7, and 10* 7.

2.6.2 GO-LIKE MODEL OF PROTEIN G

A Go-like coarse grained model of the B1 domain of protein G was prepared to assess the
accuracy of the rate extraction methods, starting from PDB ID 1PGB. This system was selected
because it was previously used as a paradigmatic example of a two state folder with known good

and bad reaction coordinates [70, 78, 79]. In a Go-like model, each residue is modeled as a bead at
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the position of the a-carbon. The force field for this model treats pseudo-bonds and angles har-
monically, and pseudo-dihedrals using a Fourier series. Non-covalent interactions, as in Ref. [80],
depend on whether the residues are in contact in the native structure, which is determined by
whether the side chains of two residues contain heavy atoms within 4.5 A of each other. The
force field parameters for the model in Refs. [70, 79] were provided by the authors. Our imple-
mentation of the potential in LAMMPS [81] and input files for all simulations are provided in the

GitHub for the article adapted in this chapter (see Data Availability below).

2.6.2.1 MOLECULAR DYNAMICS SIMULATIONS

The MD simulations of the Go6-like model were performed using the LAMMPS software pack-
age [81]. The software was updated partway through the project and the version used for each
set of simulations is shown in Table 2.1. All simulations used a time step of dt =10 fs, and the
temperature was held constant at 312 K using the Nosé-Hoover chain thermostat [13] with a
damping factor of 1 ps and a chain length of 3. All simulations started from the folded structure.

For the unbiased simulations, we ran 200 replicates and ended the simulations when the pro-
tein model unfolded, which was defined to be when the CV Q decreased past 0.35 as described
above. The empirical CDF for the transition times to the unfolded state were fit to Eq. 2.1 as

explained in the Theory section to obtain the observed unbiased rate for this system.

2.6.2.2 COLLECTIVE VARIABLES

A variety of CVs were analyzed for the Go-like model, which were used for the biased simu-
lations and during the rate analysis. The first of these is the fraction of native contacts (Q), which
captures the degree to which the protein is folded. This CV is the fraction of the contacts present
in the native structure which are still present, and was defined as in Ref. [79]. The end-to-end
distance (R.e) was also used, as it was previously determined to be a poor coordinate[70]. The

RMSD of the protein with respect to the native structure and the radius of gyration (Ry) were
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included to compare with the previously used CVs for this system.

To define the LD1 coordinate, first we performed a cluster scan on the unbiased trajectory
using the shapeGMM clustering algorithm [82] with 50,000 frames for training, 3 training sets
and 15 attempts each, for cluster sizes (K) = 2,...,6. The training curve with cross validation from
the scan is shown in Supplementary Fig. 2.8. We used the positions of the beads as input features
for shapeGMM. We did a 5 state shapeGMM fit on the entire trajectory (~ 1.2M frames) with
15 attempts to identify the distinct clusters. We then performed an iterative global alignment
of the trajectory to the global mean and covariance. Multi-state Linear Discriminant Analysis
(LDA) was performed on the globally aligned trajectory with frames from all 5 clusters. Only
the first coordinate (LD1) out of four resulting LD coordinates has been used in this study.[71]
In Supplementary Fig. 2.8b,c we show that this coordinate completely separates the folded and

unfolded states, with the other states appearing as intermediates.

2.6.2.3 BIASED SIMULATIONS

The collective variables and biasing for protein G were handled using PLUMED ([73]. The
version of PLUMED used for each set of simulations is shown in Table 2.1. Asis the case for the 1D
potential, WT-MetaD was used to bias the simulations. A set of untempered MetaD simulations
were also performed, the results of which are provided in the Supplementary Information. The
parameters used for the WT- and untempered MetaD simulations are given in Supplementary
Tab. 2.2. The values of o were chosen for WT-MetaD according to the standard deviation of the
biased CV in the folded state, and for untempered MetaD o was chosen to be less than that used
in WT-MetaD. We performed simulations at eight different bias deposition times (A dt): 1 ps, 10
ps, 100 ps, 200 ps, 500 ps, 1 ns, 5 ns, and 10 ns. 100 simulations were performed for each A dt.
The simulations were halted when the protein was determined to have unfolded, or when either
wall-clock time reached 48 hours or a total simulation time of 10 us was reached.

We also performed 6 sets of 100 OPES simulations each for Q and Re.. These sets were run
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with AE values of 5, 7, 9, 11, 13, and 15 kJ/mol. We used the values of ¢ from the WT-MetaD
simulations as the width of the kernels and used a kernel update time of 1 ns. We excluded bias

in the region Q < 0.65 when biasing Q and the region R > 2.9 when biasing Re..

2.6.2.4 POTENTIAL OF MEAN FORCE AND COMMITTOR ANALYSIS

A long simulation of protein G was performed and the potentials of mean force (PMFs) along

various CVs were determined from the unbiased simulation data using

A(&) = —kgT log P(£) (2.26)

where ¢ is the CV along which the potential of mean force is computed and P(¢) is the probability
density of ¢ obtained by computing a normalized histogram.

Committor analysis[20-22] along Q was done on this long simulation by assigning either 0 or
1 to each frame of the trajectory depending on whether the system visits the folded or unfolded
state next, then taking the average for all frames associated with each value of Q. In order to pre-
vent incorrect assignments to either state, for the committor analysis the system was considered
to be in the unfolded state when Q < 0.25 and to be in the unfolded state when Q > 0.85. From
this, Q = 0.35 was decided to be the critical value for unfolding, as illustrated in Fig. 2.2. This was
chosen to be less than the transition state to prevent counting cases where the system enters the

transition region, but fails to unfold.

2.6.3 BOOTSTRAP ANALYSIS

Errors were obtained from bootstrap analysis[69]. For this analysis, a new set of transition
times was constructed by choosing random simulations from the original set with replacement.
Once the new set had the same size as the original set, the rate calculation was performed on

the new set. This was repeated 100 times and the standard deviation of the log of the rate and y
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across these new sets is reported.

2.6.4 KOLMOGOROV-SMIRNOV TEST

The KS test was performed to assess whether the transition distribution is accurately de-
scribed by the expected theoretical distribution. For the case of unbiased or iMetaD, it is a Pois-
sonian distribution. The 2-sample KS test was used for the unbiased and iMetaD analyses. This
version of the test determines the maximum deviation of the observed CDF from two samples
and gives a p-value which, when sufficiently low, allows us to conclude that the samples most
likely did not come from the same underlying distribution. We consider the empirical and theo-
retical distributions to coincide if p > 0.05. The 1-sample KS test was used for the KTR and EATR
analyses, as generating large random samples from their distributions took a significant amount
of time. This version of the test determines the maximum deviation of the observed CDF for one
sample from a theoretical CDF, and gave the same results as the 2-sample test in all the cases that

were checked.

2.7 DATA AVAILABILITY

Inputs for simulations, LAMMPS code for the Go-like model, code for analysis, data for
each system consisting of the value of the CVs and bias versus time, a script for clustering
and generating the LDA coordinate, and code for generating figures are available at https:

//github.com/hocky-research-group/EATR-paper-2024.
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2.8 SUPPLEMENTARY INFORMATION

2.8.1 1IMETAD FROM THE GENERAL TIME-DEPENDENT RATE THEORY

Let simulation i have a history-dependent bias V;(¢) which scales the rate for that simulation

as

fi(t) = PO (2.27)

where the “rate for a simulation” is the inverse of the mean observed transition time we would
expect for a set of simulations experiencing the same bias potential. Substituting this into Eqgs. 2.7
and 2.11 yields

— t () gy
Si(t) = R S A (2.28)

with
M

ky = - .
g‘ilfo'eﬁvi(t)dtr

(2.29)

If all simulations transition and we define the acceleration factor «; to be

1 [h ,
@ =— / Vi) gy (2.30)
ti Jo

we can reinterpret the scaling of the rate constant as a scaling of time by «;
—koaiti —k t}rescaled
S(t;) = e Ui =% (2.31)

with
N 1
Zf\il a;t; trescaled
i

which are the survival function and rate estimator for iMetaD, respectively.
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2.8.2 ADDING y DIRECTLY TO THE IMETAD RATE SCALING FUNCTION

Consider if we had simply added y to Eq. 2.27 to form a new rate theory. This would yield the

rate scaling function

fit) = PO (2.33)
which, when substituted into Eq. 2.11, gives the LM estimate for the rate constant

M
N[ eprvi ay

ko(y) = (2.34)
which can be substituted along with Eq. 2.33 into Eq. 2.10 to get a likelihood function which could
in principle be maximized. However, if we do this and take the derivative with respect to y, we

find
dlog#) & N /fi "
—_— = Vi(t;) — k Vi(¢)ePrVi gy 2.35
PR DILUACEL DY) AVACE (235)

The first term is guaranteed to be zero if no bias is deposited at the barrier, since the system is
at or past the barrier when it transitions at time t;, and the second term is strictly less than zero.

Therefore, there is no maximum in the likelihood function, so no LM estimate for the rate exists.
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2.8.3 RESULTS FOR A MATCHED HARMONIC POTENTIAL WHERE Y IS FIT RATHER

THAN BEING RESTRICTED TO y =1
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Figure 2.7: (a) y obtained from the KTR and EATR methods, where the maximum likelihood estimates are
represented by open symbols and the least-squares CDF fits are represented by filled symbols. (b) The rate
constants obtained from the iMetaD, KTR, and EATR methods. iMetaD provides better rate estimates in
this case because this is a perfect CV, which iMetaD assumes while KTR and EATR do not. (c) The best-fit
EATR CDFs for each value of deposition time, A dt.

2.8.4 SHAPEGMM AND PosiTiON-LDA CLUSTERING ANALYSIS
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Figure 2.8: (a) Log-likelihoods of data coming from a shapeGMM model trained on K clusters as described
in Sec. 2.6.2.2. The agreement between training and cross-validation prediction suggests that the data is
not over-fit for any of these numbers of clusters. (b) 2D scatter plot of sampled conformations colored
according to their cluster assignments from ShapeGMM using a K = 5 model. Based on the position of
each cluster in (Q,RMSD) space, we assign cluster 0 to be the folded state and 1 the unfolded state (colors
defined in c). (c) 1D PMF profile (solid black) along the LD1 coordinate. Histograms of LD1 corresponding
to separate clusters, normalized individually and colored according to cluster id are shown in transparent
colors.
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2.8.5 PMFs CALCULATED FOR GO-LIKE MODEL OF PROTEIN G FROM AN

UNBIASED TRAJECTORY
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Figure 2.9: PMFs of the Go-like model of Protein G computed along each of the five CVs presented in
the Computational Methods subsection.

2.8.6 RATE ESTIMATES USING UNTEMPERED METAD
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Figure 2.10: (a) The rate constants obtained from the four CVs biased using untempered MetaD using
the iMetaD, KTR, and EATR methods. These methods provide accurate results in this biasing scheme. (b)
The values of y obtained from the KTR and EATR methods for each of the CVs.

2.8.7 DISTRIBUTION OF BIAS DEPOSITED DURING METAD
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Figure 2.11: The averaged bias as a function of Ree and Q for well-tempered MetaD simulations of protein
G unfolding, for different values of A dt (in ps) shown in the legend. The vertical dashed lines represent
the values of these CVs which were used for the excluded region in OPES flooding. The simulations with
smaller A dt show overbiasing.
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2.8.8 MULTIPLE kj AND y PAIRS PASS THE KS TEST
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Figure 2.12: Same data as Fig. 2.3. (a) Shaded regions represent the ranges of rate constants for each
of the five CVs from the iMetaD, KTR, and EATR methods which pass the KS test for some value of y.
(b) Shaded regions represent the ranges of y values from the KTR and EATR methods which pass the KS
test for some value of the rate constant. (c) Several EATR CDFs which pass the KS test for the LD1 CV at
A dt = 10 ps. (d) Several EATR CDFs which pass the KS test for the RMSD CV at A dt = 1 ns.

2.8.9 RATE ESTIMATION FOR OPES FLOODING

2.8.9.1 ko AND y SIMULTANEOUS OPTIMIZATION FAILS FOR CONSTANT BIAS

Because OPES produces a rough estimation of the free energy very quickly, the biasing po-
tential averaged over many trajectories is effectively time-independent. While this is excellent
for enhanced sampling applications, the KTR and EATR methods’ ky and y simultaneous opti-
mization fails in cases where the rate is not time-dependent. To see why, consider what would

happen if the bias V;(t) = V(&(t)) were a constant function of the CV. Then, according to KTR,
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the biased observed rate constant (denoted kqps) can be expressed as
kobs = koeP?Vmax | (2.36)

where the survival function is

S(t) = e ket (2.37)

Clearly, we cannot fit both kj and y, as they ultimately have the same effect on the survival
function: changing the decay constant. Attempting to fit both, even for EATR (where <eﬁyv(§)>
is constant instead), often causes unstable solutions in the optimization, e.g. shown in Fig. 2.5

where y tends to 0 or 1. This leads to poor rate estimates.

2.8.9.2 OPES-SLOPE FIT

We can overcome the unstable optimization solutions by using the barrier parameter in OPES
to determine the relationship between the amount of bias and the biased observed rate constant
in a procedure we call OPES-slope. To do this, we ran sets of OPES simulations with different
values for the barrier parameter. We measured the observed rate for each set of simulations as
the inverse of the biased mean residence time for the simulations. We assume that the observed

rate constant is given by

kope = ke 90D (2.38)

where {-} denotes all values in a set of simulations, and the bias measure g({V;(t)}) is given by the
rate scaling functions for KTR and EATR (Egs. 2.16 and 2.19, respectively). For KTR g({V;(#)}) =
B (Vmax), and for EATR we approximate g({V;(¢)}) =~ log <eﬁVi(t)>, where (-) is an average over
the simulations in a set . Although plugging the EATR bias measure into Eq. 2.36 does not exactly
lead to Eq. 2.19, we found that this approximation gave good results. In OPES, these bias measures

are effectively constant, but to obtain a single value we took the time average for each simulation
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set. Finally, taking the natural logarithm of Eq. 2.38, we fit the observed rates as a function of the

bias measures, for the sets of simulations, to

log kops = log ko +yg({Vi(1)}) , (2.39)

to obtain estimates for ko and y. In Fig. 2.13, we show log(kops) as a function of g({V;(¢)}) for
OPES simulations with different barrier parameter values for protein G unfolding along R.. and
Q. The fit of these points with Eq. 2.39 results in an accurate estimate of the unbiased rate and
y. The values from fitting are: KTR-slope: ko = 2.38 us™! and y = 0.51 for Q, ko = 1.30 ps™! and
y = 0.29 for Re.; EATR-slope: ko = 1.44 us™' and y = 0.87 for Q, ko = 1.34 us™! and y = 0.37 for

R... The estimates of the unbiased rate constants are within 5% of the true rate.
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Figure 2.13: (a) The observed rate (inverse mean residence time in the biased simulation) for each set of
simulations as a function of the bias measure g({V;(#)}) calculated for KTR and EATR. The black horizontal
dashed line marks the true value of Ink;. (b) A comparison of the rate estimates for MetaD and OPES
using the iMetaD estimator. The rates are plotted against “speedup”, Tunbiased/ Tobs (se€ also Ref. [58]). Both
biasing schemes give similar results at any given amount of speedup. The blue and orange-dashed lines
are the KTR and EATR rate estimates from the fit in panel (a).
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2.8.10 2D METAD ON R AND R,

We performed MetaD simulations while simultaneously biasing the end-to-end distance Re.
and the radius of gyration R,. For these two CVs, a combined PMF from the long unbiased trajec-
tory is shown in Fig. 2.14a. The rate constants obtained from each method are shown in Fig. 2.14b,
and all methods recovered the rate constant equally well, except for EATR at the fastest bias-
deposition time, where the KS test failed. The corresponding CDFs and EATR fits are shown
in Fig. 2.14c, confirming that the method is able to predict the distribution of transition times.
For intermediate A dt > 10% ps, the value for y improved in this case over only biasing R.. and
improved slightly over only biasing R,. This suggests that biasing multiple CVs simultaneously
increases the efficiency of biasing without affecting the rate estimation. This might also be the
reason why iMetaD preforms well in this case, while it failed for the same bias-deposition times

when biasing individual CVs (see Fig. 2.3).
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Figure 2.14: (a) The potential of mean force projected onto the 2D Ry/Rc. space. (b) The rate constants
obtained from each method at various deposition times. The horizontal dashed line represents the true
unbiased rate for this system. (c) The empirical and EATR-fit CDFs for each deposition time. The deposi-
tion times in the legend are given in ps. (d) The y values obtained for KTR and EATR at various deposition
times. In panels b, c, and d, open shapes indicate where the KS test failed. We performed some simula-
tions with even slower biasing with the result that not every simulation transitioned; while the resulting
rate constant estimate was unaffected, the estimated value of y dropped significantly. The effects on the

rate and y are shown in Sl Fig. 2.15.
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2.8.11 EFFECT OF UN-TRANSITIONED SIMULATIONS ON kj AND ¥
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Figure 2.15: Same as Fig. 2.14, with additional slower deposition times where not all simulations transi-
tioned. (a) The rate constants obtained from fitting the CDF for iMetaD, KTR, and EATR for the 2D R../R;
CV. The rate constant estimates for A dt = 5 ns and 10 ns are as accurate as the previous points, although
only 66% and 50% of the simulations transitioned, respectively. (b) The values of y obtained from KTR and
EATR. The y estimates for A dt = 5 ns and 10 ns are significantly lower than the previous points. (c) The
empirical CDF and the best fit EATR CDF for A dt = 100 ps, 1 ns, and 10 ns. The KS test is not reported
for incomplete simulation sets due to how the KS test is implemented in SciPy.

2.8.12 SIMULATION SOFTWARE AND PARAMETERS

Simulations were initially performed with the LAMMPS version from 5 May 2020 and PLUMED
2.6.6. We switched to a newer version of LAMMPS and PLUMED to perform simulations with
the LDA coordinate, and due to an error in how the older version of PLUMED was computing Q,
which we corrected in PLUMED 2.8'. The exact versions used for all of our simulations are given

in Tab. 2.1.

Thttps://github.com/plumed/plumed2/pull/951
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https://github.com/plumed/plumed2/pull/951

Simulations LAMMPS | PLUMED
Unbiased 1D — v2.8.1
Biased 1D — v2.8.1

Unbiased GB1 | 5 May 2020 —

Ree 5 May 2020 | v2.6.6
Rg 5 May 2020 v2.6.6
LD1 23 Jun 2022 v2.8.3
RMSD 5 May 2020 v2.6.6
Q 23 Jun 2022 v2.8.3
Ree/Rg (2D) | 23Jun2022 | v2.83
Q and Ree OPES | 23 Jun 2022 v2.8.3

Table 2.1: The version of each software used in each simulation set.

Simulations | WT HEIGHT WT SIGMA WT BIASFACTOR | UT HEIGHT | UT SIGMA
1D 1.0 kgT 0.5 2.0 — —
Ree 0.4 kJ/mol 0.06 nm 10.0 0.2 kJ/mol 0.01 nm
Ry 0.4 kJ/mol 0.02 nm 10.0 0.2 kJ/mol 0.01 nm
LD1 1.0 kJ/mol 0.5 6.0 — —
RMSD 0.4 kJ/mol 0.02 nm 10.0 0.2 kJ/mol 0.01 nm
0 0.6 kJ/mol 0.02 10.0 0.2 kJ/mol 0.01
Ree/Rg (2D) 0.6 kJ/mol 0.06 nm/0.02 nm 10.0 — —

Table 2.2: The MetaD parameters used for the well-tempered and untempered MetaD simulations for

each CV.
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3 MEASURING THE QUALITY OF A MACHINE

LEARNED COLLECTIVE VARIABLE

This chapter is adapted from the published paper[83]:
Mazzaferro®, Lee', Cossio, Tiwary, Hocky, J. Phys. Chem. B 2025
DOI: 10.1021/acs.jpcb.5c04626

TThese authors contributed equally to the reproduced part in this thesis.

3.1 ABSTRACT

Having an accurate reaction coordinate (RC) is essential for reliable kinetic characterization
of molecular processes, but there are few quantitative metrics to evaluate RC quality. In this chap-
ter, we consider the dimensionless y metric from the Exponential Average Time-dependent Rate
(EATR) method, which represents the fraction of a biasing potential along the RC that contributes
to increasing the rate constant. We demonstrate that y can be used to test whether the utility of
a reaction coordinate for predicting kinetics with a Metadynamics bias improves as the coordi-
nate is iteratively updated to include new data. We evaluate reaction coordinates approximated
via the iterative State Predictive Information Bottleneck (SPIB) approach, which was previously
shown to be accurate across six protein-ligand dissociation systems. For these same systems,

we compute y values and mean accelerated times Tocce]. After systematically scanning over fit-
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ting parameters, the results show that y increases closer to 1, while 7,..] decreases, revealing a
consistent inverse correlation. These results demonstrate that y serves as a practical criterion for
RC evaluation and offers guidance for selecting SPIB-derived coordinates yielding quantitative

kinetic predictions.

3.2 INTRODUCTION

Determining biomolecular kinetics is crucial in many areas of biochemistry and biophysics,
such as protein folding, ligand unbinding, membrane permeation, and other cellular events.
Molecular dynamics (MD) simulations offer the promise of being able to predict kinetics of such
processes from simple physical principles.[1, 84, 85] In practice, however, the dynamical processes
of interest are “rare events,” the typical timescales of which are dominated by crossing over high
free energy barriers, and also dictated by the need to diffuse throughout a metastable state before
escaping. Consequently, direct MD simulations that access the timescales of microseconds are
rarely sufficient to sample enough configurational space to estimate the transition times of key
biological processes, which can range from microseconds to seconds. [86, 87]

To address the sampling problem, a wide range of enhanced-sampling approaches based on
adding additional bias to a set of collective variables (CVs), most notably umbrella sampling, meta-
dynamics (MetaD), and on-the-fly probability enhanced sampling (OPES) have been developed
to accelerate exploration.[16, 17, 37, 88] After sampling with an applied bias along one or several
CVs, equilibrium averages in the unbiased ensemble can be obtained by reweighting.

A separate challenge arises when one is interested in computing dynamical quantities dom-
inated by rare events. Because enhanced-sampling approaches accelerate exploration, they also
distort the underlying kinetics of the simulated system. Surprisingly, it is still possible to extract
meaningful kinetics from CV-based biasing methods with several approximations. Approaches

for doing so include hyperdynamics, infrequent metadynamics (iMetaD), OPES flooding, and ap-
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plying the Kawasaki relation.[26, 28, 30, 89] While many of these approaches have been carefully
validated against model and real world systems,[57] most of these methods require a good CV
for biasing that approximates the true reaction coordinate (RC). This is because applying a bias
potential along a poor CV has a less understood effect on the slow transition of interest, which
must be accounted for. Thus identifying good CVs remains a critical bottleneck, especially for
complex systems with many degrees of freedom.

A good biasing variable that approximates the RC should both distinguish the metastable
basins of interest and characterize the dynamics of the slow collective modes of a molecular pro-
cess of interest. The most ideal RC is considered to be the ‘committor’, a function that reports the
probability of ending within a product or reactant state at some later time for a current configu-
ration. It is thus the best variable to describe a transition process, as it separates the metastable
states of interest by definition and includes the kinetic information necessary to estimate rates.
[22, 90-92] In practice, despite recent progress to compute the committor using machine learn-
ing approaches [93-96], the committor is still difficult to obtain, and it is not easily generalizable
across different conditions. [90] Instead of using the committor as a direct RC, many other ap-
proaches have been proposed to learn an approximate RC, including transition-path sampling,
diffusion maps, Linear Discriminant Analysis, the variational approach to conformational dy-
namics, time-lagged independent component analysis, VAMPnets, SGOOP, and others.[19, 20,
71, 97-103] Building upon these methods, recent studies have shown that incorporating deep
learning approaches can improve on RC discovery.

In particular, dimensionality-reduction approaches integrated with deep neural networks have
shown much success. [102-105] However, compressing a high-dimensional process into a single
coordinate can lead to the loss of information to accurately describe the reaction mechanism.
This loss of information is a major obstacle in extracting a good RC and building a reliable ki-
netic model. Tiwary and coworkers addressed this challenge by performing an iterative pro-

cess through the State Predictive Information Bottleneck (SPIB) framework,[106] to learn the
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RC associated with kinetic rates.[33] SPIB employs a deep neural network that identifies a low-
dimensional representation of the system’s high-dimensional dynamics that is maximally pre-
dictive of the future state of the system after a specified lag time. This approach ensures that
the learned RC captures the most predictive features of the system’s slow dynamics, effectively
approximating aspects of the committor function. By retraining the network after each round of
accelerated sampling, it is believed that SPIB progressively refines the RC. In other words, this
proposed algorithm, using SPIB, learns from newly sampled trajectories and then guides subse-
quent simulation rounds toward more relevant features. Here, we ask the following question:
Does this iterative cycle genuinely improve the RC?

For rare events such as ligand dissociation, it is difficult to determine the quality of a collective
variable since we do not typically have the true RC to compare with. These considerations raise
a broader issue: How can we systematically evaluate the quality of RCs for obtaining rates from
biased simulations? For unbiased simulations, one way to determine whether an RC captures
the rare event of interest is by performing a Kolmogorov-Smirnov test and using the p-value to
determine if the transition time distribution is Poissonian.[29]. Another way is to calculate the
committor probability as a function of the RC to ensure that the reactant and product states are
well-separated.[20] We can also rank RCs using the Bayesian transition-path probability p(TP|x),
as has been demonstrated by Best and Hummer.[92] However, applying these metrics requires
unbiased simulation data that includes hundreds of transition events, which is often a great lux-
ury to have for a rare event such as ligand dissociation. To evaluate the RC quality in our biased
simulations, we instead use the exponential average time-dependent rate (EATR) method,[32]
which provides the dimensionless metric y that was originally introduced in the Kramers time-
dependent rate (KTR) approach [31]. This y quantifies how the RC influences transition times
and thus captures how well the bias potential is applied along the RC in the rate-determining
directions. When y = 1, the bias acts along the true transition path and has the greatest effect

on the transition times, indicating a perfect RC; when y = 0, the bias acts orthogonally to the
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transition path, indicating a poor RC. In this manner, y serves as a quantitative benchmark of RC
performance (see Sec. 2.3.5 for details). This SPIB + EATR pair, therefore, offers a self-contained,
inexpensive, and quantitative solution to observe improvement during RC training. In this con-
text, our study is driven by two central questions: i) Does the iterative SPIB procedure enhance
the RC for kinetic studies performed here using metadynamics, and ii) Can the EATR metric y re-
liably quantify the quality of any candidate RC? Our results answer both questions affirmatively:
y offers a sensitive benchmark for RC comparison, and each round of SPIB refinement leads to
improvement in RC quality for more accurate kinetic predictions.

The remainder of the chapter is organized as follows. In Sec. 3.3, we review the background on
SPIB, infrequent metadynamics (iMetaD), and EATR. We then describe the workflow for assessing
RC quality using the EATR y values for the SPIB RC iterations. In Sec.3.4, we report the EATR y
values for the iterations of the SPIB RC and present further analysis on the y metric. Finally, in

Sec. 3.5, we summarize our key findings, discuss the limitations, and propose future directions.

3.3 BACKGROUND AND METHOD

In this section, we briefly review the concepts of SPIB,[106] iMetaD,[28] and the EATR[32] y
parameter. We then present our integrated workflow, detailing how SPIB-derived reaction coor-
dinates guide iMetaD simulations and how EATR is subsequently applied to quantify RC quality

(Fig. 3.1).

3.3.1 STATE PREDICTIVE INFORMATION BOTTLENECK (SPIB)

The SPIB method approximates a low-dimensional RC that preserves the metastable dynam-
ics present in the system’s original high-dimensional space. [106] SPIB is inspired by another
information bottleneck-based framework, Reweighted Autoencoded Variational Bayes for En-

hanced Sampling (RAVE)[107, 108], but improves upon this formulation. The SPIB approach has
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demonstrated notable success in learning effective RCs across diverse applications, ranging from
crystal nucleation and ligand permeation through lipid membranes to protein conformational
changes.[33, 109-113] SPIB CVs can be used with the PLUMED open-source enhanced sampling
library [73], and a tutorial for training and using SPIB CVs is available from the PLUMED-tutorials
resource [114].

SPIB determines a low-dimensional RC that effectively predicts the future metastable states
of the system while relying on minimal information from the current configuration. SPIB uses
raw MD trajectory data through an encoder-decoder network framework, where the encoder
compresses the input into a bottleneck variable that minimizes mutual information with the input,
and the decoder maximizes mutual information between the bottleneck and future states after a
time lag At. By trading off the minimization of input information and the maximization of future
predictive information, SPIB simultaneously learns the RC and discovers the location and number
of metastable states on-the-fly. A mixture-of-Gaussians prior is used for the bottleneck variable,
where the number of Gaussians automatically adjusts to equal the number of metastable states.
We emphasize that the number of metastable states in a system is not an intrinsic property of the
system, but depends on the time resolution being used to filter out the dynamics. In this spirit,
the number of metastable states learned in SPIB decreases as a function of the time-lag parameter.

A notable success of the SPIB framework is its use in protein-ligand dissociation kinetics.
In our previous work of Ref. [33], we implemented an iterative SPIB pipeline where each newly
learned RC guides a subsequent round of iMetaD (see Sec. 1.4.3), and the resulting trajectories are
used to retrain SPIB. This iterative process not only accelerates the observation of the unbinding
process but also demonstrates success in SPIB refinements to a more descriptive RC, yielding

more accurate dissociation-rate constant estimates.
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Figure 3.1: Workflow of SPIB combined with EATR. The gray arrows in the protocol indicate the original
SPIB-iMetaD workflow used to compute the residence time of protein-ligand complexes. In Ref. [33],
we first performed initial trial runs of WT-MetaD biasing along trial order parameters (OPs). We then
iteratively applied SPIB and metadynamics until the accelerated time was quantitatively reduced for the
SPIB RC. Finally, we ran iMetaD biasing along the converged RC. For each RC at every SPIB iteration,
we conducted an additional step of y evaluations, which is indicated as a red arrow. The red dotted box
highlights the iterative process of the SPIB.
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3.3.2 OVERALL WORKFLOW

Building on the background described above, we now present an integrated SPIB-EATR frame-
work for quantifying RC quality across multiple protein-ligand dissociation systems. We exam-
ine six distinct protein-ligand dissociation systems where residence times span approximately 12
orders of magnitude from ~ 10ns to ~ 10° s. The systems studied are FKBP-DMSO, FKBP-DSS,
T4 Lysozyme-benzene, ABL kinase wild-type (WT) bound to Imatinib, and two ABL kinase mu-
tants (N368S and L364I) bound to Imatinib. Biased trajectories of SPIB iterations for each system
were taken directly from Ref. [33], with additional data added for some cases indicated below.
All data were generated using GROMACS [115] and PLUMED [73] using the protocol described
in Ref. [33].

The overall workflow, summarized in Fig. 3.1, begins with well-tempered metadynamics along
trial order parameters (OPs) chosen by chemical intuition. The gray arrow in the workflow dia-
gram denotes the steps originally described in Ref. [33]. Trajectories from this initial metadynam-
ics run seed the first SPIB training round; the RC learned in that round is then used to bias along
new MetaD simulations. This iterative cycle repeats until the average accelerated time no longer
increases. A final set of iMetaD simulations are carried out along the converged RC. Detailed
choices of OPs, SPIB hyperparameters, and MD setup were used as reported in Ref. [33].

Next, we apply the EATR analysis to the MetaD simulations performed during the SPIB iter-
ations. For each system, we extract the biased trajectory data from each SPIB iteration, typically
eight trajectories per iteration, and compute the mean accelerated time 7,...;. We then use the
corresponding bias potentials to evaluate the y metric at each iteration, thereby quantifying RC
performance without performing any extra simulations after those used in the SPIB iterations. In
the following section, we present these numerical results, describe the EATR parameterization,

and discuss how the y values inform RC quality assessment.
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Figure 3.2: [a] Schematic of Imatinib dissociation from the Abl-kinase. [b] Values of the EATR metric y
over SPIB iterations for six protein-ligand systems while fixing ko to the experimental value. ABL kinase
Wild Type (WT) - Imatinib, ABL kinase mutant N368S - Imatinib, ABL kinase mutant L364l - Imatinib,
T4 Lysozyme - Benzene, FKBP - DMSO, FKBP - DSS. Error bars denote standard deviations of fitting
uncertainty in y.

3.4 REsuLTS

In this section, we present two main results. First, we analyze how the RC produced by SPIB
at successive iterations relates to the EATR metric y. Second, we provide brief mathematical
insights on correlations between the y and the average accelerated time. Finally, we demonstrate

that these results are not strongly dependent on the rate at which bias is applied to a particular

RC.

3.4.1 EvArvuAarioN OF SPIB RC via EATR y

To quantify how successive SPIB iterations refine the RC, we first computed the EATR-derived
metric y at every iteration for the six protein-ligand systems examined.[33] In the original EATR
approach, both the experimental rate constant k, and y are treated as free parameters. Here we

compared two fitting protocols. In the first approach, the unbiased rate constant k, was held fixed
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at the experimental value reported in SI Table 3.1 for each system. The true unbiased simulation
rate constant may be different from the experimental rate constant for these systems due to force
field inaccuracies, which will introduce an error in y. However, we feel the difference in the
‘true’ rate constant for the simulation system and experiment will not affect the relative values
of y between SPIB iterations within a system.

Fixing the unbiased rate allows us to fit the survival function only to a single parameter y,
which makes the fitting more reliable by removing the possible correlations between y and the
rate constant ky. Although this approach would not apply to all cases, we use this single parameter
approach to assess whether SPIB RC quality improves across iterations. We also applied our
general EATR approach to fit both y and k, with qualitatively similar results for whether the CV
is improving, but much lower y values showing there is likely still more that can be done to get
more efficient rates as discussed in the conclusions (see SI Fig. 3.5).

As shown in Fig. 3.2, the results indicate that y increases with SPIB iteration for all systems
converging toward 1, indicating the improvement during the SPIB cycles. Despite the overall
upward trend in the plots, we note the final SPIB iteration in Fig. 3.2 does not always converge to
the highest y. In subplot (a) Abl kinase WT-Imatinib, for instance, we extended several iterations
beyond the point where optimal RC was chosen from previous work of Ref. [33] to see if y would
continue to rise toward 1. However, as the results demonstrate, simply prolonging SPIB iterations
does not guarantee the highest y. This indicates that indefinite retraining does not necessarily
yield an optimal RC in several systems. This is, however, not a problem in practical terms as one

can work with the RC with the highest y value from all iterations.

3.4.2 y CORRELATES WITH T,ccel

Figure 3.2 shows an increase in the EATR metric y over successive SPIB iterations. In con-
trast, our earlier study demonstrated that the mean accelerated time, which is the unbiased time

predicted by iMetaD, denoted here as T, (average of the accelerated time, computed directly,
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Figure 3.3: Inverse correlation between y and average accelerated time T, across SPIB iterations.
Scatter plots are shown for six benchmark systems (arranged from top left to bottom right): Kinase
WT-Imatinib, Kinase N368S—Imatinib, Kinase L3641-Imatinib, T4 lysozyme-Benzene, FKBP-DMSO, and
FKBP-DSS. Circles denote y values obtained from the original EATR fit, squares (“prediction 17) show
y evaluated with Eq. 3.1, and triangles (“prediction 2”) show y evaluated with Eq. 3.2. Different colors
indicate the SPIB iteration, ranging from light blue (early iterations) to dark blue (later iterations). Error
bars denote standard deviations of fitting uncertainty in y. An alternative presentation of these data as a
function of iteration is given in Fig. 3.6.
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without fitting to a Poisson distribution, to facilitate straightforward comparison) decreases as
the RC is refined. Taken together, these opposing trends point to an inverse relationship between
y and T,ccel, as illustrated for all six protein-ligand systems in Fig. 3.3 (color scale denotes SPIB
iteration index). To replace this empirical observation with a more rigorous argument, here we
derive an analytical expression that links y to the mean accelerated time 7,.c and then com-
pared the predictive quantities against the fitted y values. Starting from the EATR formalism and
isolating the terms involving y, we obtain

ya1- log (ko (Taccel — cov(7, 0()))’ (3.1)

log(@)

where 7’ is the transition time observed in the biased simulation and 7,..] = a7’ is the unbiased

time predicted with iMetaD. This can be further reduced to

_ log(k()?accel)

log(@) (3.2)

when the covariance term cov(7’, @) is negligibly small compared to T,¢ce1. The detailed derivation
can be found in the SI.

To assess how well the analytical expressions reproduce the fitted results, Fig. 3.3 compares
the y values predicted by Eq. 3.1 (squares, “prediction 1”) and Eq. 3.2 (triangles, “prediction 2”)
with the values obtained from direct EATR fitting approach (circles). The two analytical approx-
imations practically overlap, confirming that cov(7’, @) is indeed small in most cases. Although
both predictions show some, system-specific deviations from the fitted y, they capture the same
overall trend, demonstrating that either expression can serve as a fast diagnostic tool when a full
survival-curve fit is impractical.

Collectively, the results demonstrate the reciprocal relationship between y and T¢cel. In early
iterations (y ~ 0.25 — 0.5), the RC is non-optimal, whereas in later iterations (y ~ 0.7 — 0.9)

the RC captures much better the true slow mode, and the required acceleration is minimal. The
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consistency of this reciprocal relationship across all six systems confirms that iterative SPIB sys-
tematically improves RC quality and kinetic accuracy, and demonstrates that y is, in fact, a robust

metric for evaluating RC performance.

3.4.3 EFFECT OF BIAS DEPOSITION PACE ON THE RC
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Figure 3.4: EATR y metric (blue circle, left axis) and mean accelerated time (r) (red diamond, right axis,
log scale) as functions of bias-deposition pace for three protein-ligand systems. (a) T4 Lysozyme—Benzene
(b) FKBP-DSS (c) FKBP-DMSO. The gray dashed line represents the experimental residence time, and
the shaded gray band indicates the error margin. The blue error bar represents the standard deviation of
Y- The red error bars represent the error of Taecel, computed using the bootstrapping method with a 95%
confidence interval. In earlier figures, standard MetaD simulations correspond to a pace of 1000 (2 ps)
and iMetaD simulations correspond to a pace of 5000 (10 ps).

As an extension to the previous analysis, we examined whether the EATR metric y depends
on the frequency with which Gaussian hills are deposited when the RC is held fixed. This is
of immense practical utility as being able to add bias more frequently while still being able to
recover accurate kinetics could have a non-linear effect on computational efficiency. We selected
the optimal RC for each system, i.e., the one associated with the minimum average accelerated
time T,cce] OVer all SPIB iterations, and carried out short infrequent-metadynamics simulations
across a range of bias deposition paces.

Fig. 3.4 presents y as a function of deposition pace for three representative systems: T4
Lysozyme—-benzene, FKBP-DSS, and FKBP-DMSO. The prefactor k, was kept fixed so that the

effect of bias frequency on computed y could be isolated. As T,..e] approaches the experimental
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residence time (gray dashed line), y converges toward 1. Increasing the deposition pace up to
roughly 5000 steps (i.e., decreasing the frequency of bias deposition) tends to produce a mono-
tonic rise in y; beyond this threshold, y no longer improves across all three systems.

From these findings, two conclusions follow: (i) very frequent bias deposition (pace <1000=2
ps) drives y toward 0, leading to a suboptimal RC for kinetic studies (ii) Within a practical pace
range (=~ 5000-50000), y remains largely invariant to the deposition frequency, underscoring its
robustness as a metric for assessing RC quality. These results are consistent with the trends

observed in Ref. [32].

3.5 CONCLUSION

In this study, we performed a systematic evaluation of multiple iterations of an approximate
RC derived from the SPIB framework for obtaining unbiased kinetics using iMetaD using the y
metric of EATR. Two questions motivated the work: (i) does iterative SPIB training measurably
improve RCs, and (ii) can the y metric from the EATR approach provide a good score for the eval-
uation? Across six different protein-ligand benchmarks, we observed an increase in y along with
a corresponding decrease in the mean accelerated time 7, in each SPIB iteration. Importantly,
we found that the quality of an RC as measured by y was not strongly dependent on the pace
of bias deposition, demonstrating robustness. Our reported approximate formula for CV quality
(Eq. 3.2) is a good heuristic for whether the chosen CVs are working well to predict kinetics, but
requires some knowledge of ky. Moreover, if successive iterations of an RC do not show an inverse
relationship between y and T,¢ce], then the RC should be treated with caution. Examining these
two complementary metrics side by side thus provides a straightforward, orthogonal strategy for
evaluating RC quality.

As outlined in Sec. 3.3.2, the data evaluated in this work were generated using a standard bias

deposition frequency for earlier iterations, and a low bias deposition frequency for only the final
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RC obtained through SPIB training. Ideally, if computational resources are available, y should be
evaluated under after executing additional iMetaD simulations in each round, but this will not be
practical in many realistic studies. We feel that skipping this step will not significantly alter the
conclusions obtained when testing whether the CV is improving. As shown in previous work [32]
and also assessed in Fig. 3.4, the EATR framework is robust for both iMetaD and regular MetaD,
with the biasing pace playing only a minor role. The decisive factor for accuracy remains the
choice of RC.

In general, it should be possible to directly apply EATR to iMetaD data to obtain both a good
estimate of y and ky. While this works well for some cases, in some systems a low value of y is
obtained by this approach even though the simpler 7, is relatively close to the experimental
value. This may simply reflect a limitation of EATR in the case where limited data is available for
prediction (i.e. tens of simulations to fit a rate). We are now developing an alternative approach
based on the EATR formalism for obtaining even more reliable estimates of rate constants and y
through a combination of data from OPES-MetaD applied with multiple biasing strengths [30],
which may alleviate this problem, but that requires further investigation.

Overall, our framework is broadly applicable. First, beyond its use as a scoring metric, y can be
monitored during SPIB training to adaptively optimize the RC and to serve as a stopping criterion,
to avoid unnecessary computation. Second, when a full fit of the y metric is impractical, the
predictive equations we derived offer a rapid diagnostic for assessing relative RC quality. Finally,
the approach extends beyond protein-ligand kinetics to systems undergoing folding—unfolding
transitions and even intrinsically disordered proteins, where suitable reference coordinates are

elusive.
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3.6 DATA AVAILABILITY

A Python implementation for different y evaluation methods is available on GitHub reposi-

tory: https://github.com/hocky-research-group/SPIB_EATR_paper_data.

3.7 SUPPLEMENTARY INFORMATION

3.7.1 UNBIASED RATES USED IN CALCULATING Y

System Transition Time (s)
FKBP-DMSO 13x 1077
FKBP-DSS 50 x 1077
T4 Lysozyme L99A-Benzene 1.3x107°
Abl Kinase WT-Imatinib 1200
Abl Kinase N368S-Imatinib 400
Abl Kinase L364I-Imatinib 700

Table 3.1: The fixed values of the experimental residence times used in EATR to determine y during the
SPIB iterations. Values taken from Ref. [33].

3.7.2 FiTTING k(o IN EATR

We can perform a global fit for the unbiased rate k in addition to y by calculating the sum of

square errors for each (ko, y) pair, then taking the minimum. This gives the results in Fig. 3.5.

3.7.3 DERIVATION OF A RELATION BETWEEN ¥ AND Tpccel

Considering the observed relationship between the average accelerated time and y, we pro-
vide an argument for why this relationship should exist. We first connect the average accelerated

time Tpecel to the average biased simulation time 7'
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Figure 3.5: Comparison of fitted y values with fixed k, versus free k. Each subplot shows y plotted against
SPIB iteration for six different protein-ligand systems. Error bars denote the standard deviation of the
fitting uncertainty in y. The blue plot represents y value in which ky was held fixed at its experimental
value (as in Fig. 3.2), while the green plot represents y value in which both kg and y were treated as free
parameters.

Taccel = T =T + cov(7, ),
a7 = Taeeel — cOV(T, ), (3.3)

where cov(X,Y) is the covariance between X and Y.
We now wish to demonstrate a connection between 7, and y. Using the relationship be-
tween the biased rate and the biased simulation time, k = 1/7, and applying Eq. 2.19, we can

rewrite the left hand side of Eq. 3.3:

a7 =@/ (koePrV) (3.4)

To solve for y, we note that we can approximately take y outside of the ensemble average for

large values of e/¥ (when 0 < y < 1):
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Figure 3.6: Same data as Fig. 3.3 represented in a different way. Here, results of the EATR metric y (blue
circle, left axis) and the mean accelerated time T, (red star, right axis, log scale) over SPIB iterations for
six protein—ligand systems with k, fixed to the experimental value. Top left to bottom right: ABL kinase
Wild Type (WT) - Imatinib, ABL kinase mutant N368S - Imatinib, ABL kinase mutant L364l - Imatinib,
T4 Lysozyme - Benzene, FKBP - DMSO, FKBP - DSS. Error bars denote standard deviations of fitting
uncertainty in y and standard deviations in Tyccel-

ko eﬁ YV koay _

=~ cha (3.5)
because PV 0
v
Combining Eqs. 3.4 and 3.5 we get,
a7 ~a k. (3.6)

Equating Eqgs. 3.3 and 3.6 gives us

kO (?accel - COV(T/> 0()) ~a -y

and taking the logarithm on both sides and solving for y, we obtain the following two equations

presented in Sec. 3.4.2:
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gl log(ko(?accel — cov(7/, 0()))
Tog(@) (3.7a)
_ log(ko ?accel)

log(a)

(3.7b)
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4 APPLYING THE METHOD TO

TIME-INDEPENDENT BIASES

This chapter is adapted from the preprint version of “Stepping up enhanced rate calculations with
EATR-flooding"[116]
Mazzaferro, Pefia Ccoa, Cossio, Hocky, submitted to J. Chem. Theory Comput.

arXiv:2604.27136

4.1 ABSTRACT

Several recent methods have shown that it is possible to compute rate constants of very slow
biomolecular processes using simulations where a time-dependent bias is added along one or sev-
eral collective variables (CVs). We previously reported the exponential average time-dependent
rate (EATR) method, which can improve upon these approaches by accounting for how efficiently
the external biasing potential modifies the observed rate using a learned CV-quality factor y. This
results in more accurate rate estimates using the same data when biasing a suboptimal coordi-
nate. However, as formulated EATR depended on the biasing potential varying over time to
properly determine the biasing efficiency, which limits the method’s applicability to quasi-static
biasing schemes such as “flooding” or on-the-fly probability enhanced sampling (OPES). Here,

we present the EATR-flooding approach, which generalizes our method by replacing the need
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for a time-dependent bias by instead varying (stepping up) the strength of the biasing poten-
tial across multiple sets of simulations. We implement this approach as an open-source Python
library, and demonstrate that this approach is accurate without substantial loss of efficiency com-
pared to standard EATR for a coarse-grained protein system, and also show good performance
on a fully atomistic cavity-ligand model. Two additional appealing features of EATR-flooding are
an internal check for over-biasing and the fact that only a single y parameter is predicted for a
given choice of CVs, as compared to our earlier results where y empirically depended on biasing
rate. Finally, we believe EATR-flooding applies not only to OPES simulations but more generally

to CV biasing enhanced sampling approaches, making it broadly useful.

4.2 INTRODUCTION

The development of computational approaches to predict protein-ligand binding kinetics is
an active area of research, due to the growing recognition of the importance of drug lifetime
in controlling the efficacy and durability of pharmacological treatments [117-122]. Classical
molecular dynamics (MD) simulations provide a powerful approach to predict the behavior of
biomolecules in solution as well as their interaction with ligands or other biomolecules [1, 123].
Despite the name, MD simulations are more often used to estimate short timescale properties of
a system by integrating the equations of motion to produce statistical samples of the system at
fixed temperature or fixed temperature and pressure (distorting the microscopic kinetics), rather
than long-timescale dynamical properties [36]. For many biophysical problems of interest, how-
ever, the dynamics of the most relevant configurational changes are dominated by transitions
over free energy barriers between metastable states, meaning the kinetics can still be computed
by statistical approaches.

Therefore, atomistic MD simulations can still provide a powerful technique for predicting

the time scale or average rate constant for transitions between these states, as long as sufficient
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transitions can be observed within accessible computational time. Unfortunately, there is often a
substantial difference in timescales between what can be accessed in MD simulations as compared
to the time scales of the properties of interest. Modern simulations often generate microseconds
of trajectory data for relatively simple systems, whereas the processes of biomolecular interest
occur on timescales ranging from milliseconds to seconds. The transitions of interest are so-called
rare events, in the sense that the system spends long periods in a metastable state before crossing
into a new state in a relatively fast manner. Because of this undesired tendency to remain in a
single region of state space for long periods of time, a number of enhanced sampling methods
have been developed to quickly drive systems to escape free energy minima by adding an extra
bias along certain collective coordinates or variables (CVs) describing the system [15-17, 35, 36,
38, 42]. This extra bias effectively lowers the barrier to transitions, allowing one to reconstruct
the underlying free energy landscape through inverting the effect of the bias on the frequency
of observed configurations. The two such methods that we will focus on in this work are Meta-
dynamics (MetaD) and On-the-fly probability enhanced sampling (OPES), which both work by
constructing a bias on the fly which is tailored to push the system away from already explored
regions of CV space [15-17, 41].

In both approaches, the consequence of adding this external bias is to significantly and inten-
tionally reduce the long dwell times before the transitions. However, it is not always clear that
rate constants of interest can be recovered under these biases in the same way as thermodynamic
properties. Several methods have been developed to recover kinetics from CV biasing techniques,
relying on using a thermodynamic model for the kinetic process of interest, such as Kramers the-
ory [26, 28-30, 57, 58]. In essence, doing so requires assuming that the bias is applied only to
destabilize the starting state and does not directly affect the transition over the barrier, in which
case transition times are sped up approximately with the average of the exponential of the applied
bias. For example, in Infrequent Metadynamics (iMetaD) [29], this is achieved by only updating

the biasing potential on a time scale longer than the barrier crossing time. In OPES-flooding, this
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is achieved by capping the highest level of bias applied to the system to fall below a previously
estimated barrier level, AE [30]. All of these methods also have an implicit assumption that the
bias is applied to a CV that is a “good” reaction coordinate for the process of interest, since bias
applied perpendicular to the ideal reaction coordinate should not be included in estimating such
a speedup factor. Despite these stringent requirements, iMetaD and OPES-flooding shine in the
context of giving a computationally tractable way to estimate kinetics of very slow biomolecular
processes (milliseconds to days) using only nanoseconds or microseconds of total simulation [57].

In our work, we have concentrated on relaxing the requirement to choose a good CV, since
in practice this is challenging to do a priori - or even a posteriori. We have pursued a strategy
whereby we extract the rate constant from the data along with an additional parameter y that
takes into account the efficiency of the chosen CV for producing desired transitions [31, 32]. In
our Exponential Average Time-dependent Rate (EATR) approach—described in detail in the next
section—we estimate both the rate and y by averaging our estimate of the speed up factor across
many MetaD simulations, and then fitting transition times either via maximum likelihood or by
fitting the cumulative distribution of observed transition times.

While EATR works well for simulations biased with MetaD, it failed when applied to simu-
lations biased with OPES [32]. This failure was due to the rapid convergence of OPES to a final
biasing function in the starting basin, which prevents our fitting approach from disambiguating
the unbiased rate from the estimate of CV quality, as explained below. To solve this, we propose a
new method called EATR-flooding which estimates y using the biased rates from multiple sets of
simulations, each with a different average amount of bias applied before transitions are observed;
in OPES this is achieved by varying the value of AE. By “stepping up” the value of this parameter,
which limits the average amount of bias that is added, we are able to probe the dependence of the
observed rate on the amount of bias added, which can allow us to extract information about the
quality of the biased CV(s) with minimal extra cost. We first speculated about this approach in

the supplementary information of our earlier study [32] and showed how by varying the amount
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of bias, we could, with an uncontrolled approximation, extract an approximate rate and y. In
this chapter, we put this method on more rigorous grounds. We then test our new method on a
coarse-grained model for protein folding as well as a fully atomistic model of a ligand binding
problem, and show that it provides efficient and accurate estimates for the unbiased rate, using
a single y parameter to account for the quality of the biased CV. We also show that the method
generalizes beyond OPES, working for the case of a fixed external bias as originally envisioned in
the conformational flooding or hyperdynamics methods [26, 27], and also for a time-dependent
bias applied with iMetaD.

The rest of this chapter is organized as follows. In Sec. 4.3, we explain the necessity for and
the theory behind the EATR-flooding method. In Sec. 4.4, we present the results of applying the
EATR-flooding method to a coarse-grained protein and model cavity-ligand system. In Sec. 4.5,
we present our conclusions from the results. Finally, in Sec. 4.6, we provide details of our com-

putational methods.

4.3 EATR-rFLOODING (EATRF)

If the biasing potential is constant in time, the simulation average in Eq. 2.20 is approximately

the ensemble average:

ePYVED) x (VO = g | (4.1)

which is constant. In this case, the transition becomes Poissonian:

S(1) = oo /(-)t<e/3YV(§)>dt’ — ooyt , (4.2)

and there is not a unique combination of k¢ and y consistent with the data, since any decrease to
a, can be compensated for by an increase in ko. As such, EATR as previously formulated struggles

to properly estimate ko and y when employing a static (or quasi-static) biasing potential, such as
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Figure 4.1: A schematic diagram for the EATR-flooding method. (a) Multiple sets of simulations are run
until a transition occurs, where each set is run with a different average amount of applied bias, controlled
by AE in OPES. Sets are color-coded for clarity. (b) The estimated log-rate for the transition is computed
as a function of y, Inkegt = Inkgps — In <eﬁyv(§)>. (c) The rate estimates are combined for all sets, and (d)
the log-rate and y which minimize the variance over the sets are taken to be the EATR-flooding estimates.

that used in OPES.

In order to obtain estimates for ky and y using OPES, we need a formalism which does not
assume that the biasing potential is time-dependent. We can do this by first applying Eq. 4.1 to
Eq. 2.20, taking the logarithm on both sides, and solving for the logarithm of the estimated rate

constant, yielding

In kest (y) = Inkops — In (e#7V() | (4.3)

where keg; is the estimate for ko, and ks is the constant value of the biased rate k(). Note that
this rate estimate depends on y.
Given that there is only one true value of Inky, we hypothesize that there exists a corre-

sponding unique value for y* which produces only one value of In k. Therefore, we propose to
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determine y* and k; by comparing the results of multiple sets of simulations, each with a differ-
ent amount of bias, as shown in Fig. 4.1a, and computing the effect of this different amount of
bias on the observed rate constant. The unbiased rate for each set is estimated as a function of
y using Eq. 4.3, then the unbiased rate and y estimates for the full collection of simulation sets
are obtained by finding the value of y where all sets of simulations have approximately the same

unbiased rate estimate, or equivalently,
Y= argmin, Var(In ket (y)) , (4.4)

when the variance of the estimates across the sets is minimized. The best estimated value of
the true rate is then k; = m, where the average is done over the simulation sets. This is
illustrated in Fig. 4.1b-d.

We note that this approach does not require that the bias potential is static or quasi-static, but
only that it is possible to converge an acceleration factor a, for each set of biasing parameters.
Our EATRf method is therefore based on the same ansatz as the original EATR approach but is

more general.

4.4 REesuLTSs AND DISCUSSION

4.4.1 COARSE-GRAINED MODEL FOR PROTEIN FOLDING

To evaluate our hypothesis in the preceding section, we first test our approach on a system
sufficiently complicated that we can bias a wide range of CVs to obtain kinetic information, but
sufficiently simple that we can obtain an unbiased rate constant estimate. We therefore adopted
the same system used in our prior development of EATR, a Go-like model of the B1 domain of
protein G, which had previously been established as a useful system for studying the quality of

CVs for describing protein folding.[32, 70, 79]. As described in the Methods, we ran MD simula-
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Figure 4.2: The potential of mean force (PMF) along the fraction of native contacts CV Q (top) and the
end-to-end distance CV Re. (bottom). The colored lines indicate the PMF with the average final biasing
potential from OPES with various values of the AE parameter. From bottom to top, AE =5, 7,9, 11, and
13 kJ/mol. The vertical dashed lines represent the boundary of the excluded region.

tions where an OPES bias was applied to one of the following CVs: the fraction of native contacts
Q, the end-to-end distance Ree, and the radius of gyration R,. We also performed simulations in
which we biased R and R, simultaneously.

For each choice of CV, we ran five sets of simulations where we varied the maximum level
of OPES bias, AE. This resulted in a different biasing potential in each set. As an example of
how this looks when projected along two of the CVs, in Fig. 4.2 we plot the average final bias
obtained from OPES on top of the underlying PMF computed in our previous work [32]. As can

be seen, the amount of bias/forcing increases in concert with the AE parameter, and depends on

the choice of CV. In Fig. 4.8, we show that the effective average bias quickly plateaus to a static
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Figure 4.3: The results of EATR-flooding on the protein G model. (a) The values of Inky predicted by
Eq. 4.3 for each set of OPES simulations with each AE parameter for various values of y. (b) The value
of Ink, averaged over the sets of simulations for each potential value of y. The variance of Inky across
the sets is represented by error bars. (c) The variance in the predicted value of Inky across the sets of
simulations. The horizontal dashed lines represent the true value of In kg, the uncertainty in which is too
small to represent in this plot. The vertical dashed lines represent the minimum variance value of y, which
is the value which causes all sets to give the same value of In k.

value, showing why we are not able to apply our original EATR method.

We therefore proceed to apply Eq. 4.3 to these data while varying y over the range 0-1, which
gives us the results in Fig. 4.3a. In this Figure, the horizontal dashed line shows the log of the
unbiased rate computed previously [32]. With these data, we can directly see that the curves for
each value of AE cross near the true rate. The crossover behavior can be explained as follows: for
y = 0, simulations with high AE are on top, which is simply a reflection of having faster observed
transition times when the system is biased more strongly; in contrast, y = 1 is equivalent to
iMetaD which over-predicts transition times for non-ideal CVs [32, 83] and consequently larger

over-predictions (lower rate constants) arise for higher AE.

33



In Fig. 4.3b,c, we show the average and variance across data sets obtained from the values
computed via Eq. 4.3. With a vertical dashed line, we indicate the y which has the lowest variance,
as computed using an optimization algorithm as described in the methods. Visually, we can
observe that the minimum variance occurs close to when the estimated log rate value intersects
that of the unbiased rate estimate.

Inspecting the minimum-variance y values, we find that they are similar to those computed
using our original EATR approach using data from iMetaD [32]. As expected, Q has the highest
value of y while Re. has the lowest. Simultaneously biasing the two lower quality CVs, which
individually have y values of 0.41 and 0.52, results in a combined y value of 0.64, showing the
synergistic value of multidimensional biasing. Of note, the y value for Q is somewhat less for
these OPES simulations than we observed with iMetaD, where y could approach 1 for slow biasing
along Q, which may reflect an interesting difference between how OPES and iMetaD build up the
bias histogram, which is worthy of further investigation in the future.

In addition to this y analysis, we can also see the quality of the CVs visually by plotting the
log of the observed rate versus the log acceleration factor, In(e#"), as shown in Fig. 4.9. Since
the OPESf acceleration factor is accurate for good CVs such as Q, we expect a linear relationship
with near unit slope between these two terms. As discussed in Ref. [32], lower slopes indicate a
bad or inefficient CV. This is discussed more in the next section.

Having demonstrated that EATR-flooding is an accurate approach, we then wanted to in-
vestigate whether the additional cost of running with multiple values of AE made the method
prohibitively expensive compared to OPESf. To do so, we recomputed the predicted rates by
EATRf using subsampling with smaller numbers of simulations per batch. As shown in Fig. 4.4,
the typical predicted rate constant is unchanged even when using only 10 simulations per batch,
corresponding to 50x less simulation time than used for the full analysis. However, the typical
error in doing so is likely to be larger, and so there is some benefit to obtaining more data. From

this analysis, we directly observe that the OPESf estimator is systematically incorrect for poor
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Table 4.1: The rates and y values obtained for the protein G model by applying EATR-flooding to different
CVs, compared to the rates obtained from conventional OPES-flooding, combining data from all sets with
the AE values 5, 7, 9, 11, and 13 kJ/mol. The ‘unbiased’ entry is obtained from running 100 equilibrium
MD simulations, from Ref. [32].

OPES-flooding

CV In k&t (us™)

Rec ~1.92+0.07

Ry ~0.82 + 0.05

Ry, Rec —0.63 + 0.05

Q 0.02 = 0.05

EATR-flooding (OPES)

Cv In k&t (us™) Y

Ree 0.23 + 0.23 0.41 + 0.06
Ry 0.85+0.16 0.52 + 0.04
Rg, Ree 0.42 = 0.17 0.64 + 0.04
Q 0.62 = 0.19 0.74 = 0.06

EATR-flooding (fixed bias)

Cv Ink$™ (ps™") Y

Ree 0.40 = 0.18 0.31 + 0.07
Q 0.53 +0.16 0.88 = 0.07

EATR-flooding (iMetaD)

CV In k&t (us™) %

Ree 0.43 + 0.06 0.28 + 0.01
0 0.47 = 0.17 0.67 £ 0.06
unbiased: 0.36 = 0.07

CVs, and additional sampling does not alleviate the issue. In contrast, the mean predicted value
of ko from EATRf is generally close to the unbiased value for all CVs, always within a factor of 2,
and seems to have near perfect accuracy for 2d biasing of Ry and Re. (see also Tab. 4.1).

As just discussed, Fig. 4.4 shows that our approach of combining data from multiple sets of
simulations biased by different amounts is successful and efficient. In that analysis, we always
combined results from five different values of AE, and showed that accurate predictions of the
rate could be obtained even with only a small number of simulations per set. We also wanted to

investigate what the minimum number of different AE values we could use is, and also whether
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Figure 4.4: The predicted value of In ky from EATR-flooding (in blue) and OPES-flooding (in orange) as a
function of the logarithm of the total simulation time with the lowest five values for AE. Various numbers
of simulations per set, from 10 (left side of each plot) to 100 (right side of each plot). The blue dashed
line represents the rate obtained from unbiased simulations. Error bars indicate the standard error in
bootstrap analysis.

it was required to have the lowest AE values (which require the most simulation time to ob-
serve transitions). Fig. 4.5 shows the result of this analysis, where for the worst CV, Re., we
systematically eliminate either 0, 1, 2, or 3 of our data sets, while maintaining a constant number
of simulations within each data set. As was the case in Fig. 4.4, we see that the estimate from
the OPES-flooding estimator is systematically wrong in all cases. Interestingly, as seen in the top
panel, adding more data sets with higher AE makes the OPESf estimate worse; in the lower panel,
we see the first point using only the highest two AE is particularly bad, but adding more data at
lower barriers slightly improves the estimate. In stark contrast, using the same data the EATRf
estimator is relatively accurate when using just the lowest 2 barriers, and becomes systematically
better as more data is added. It is also 2 log units better than the OPESf estimate with even just
the highest two AE sets included, albeit with a large variance.

Given that EATRf was conceived of in the context of quasi-static biasing, we also performed
simulations where we added a truly static Gaussian bias rather than using OPES. We performed
otherwise identical simulations and analysis, adding a constant external potential to either Re.
or Q, described in Sec. 4.8.1.1 in the SI. Fig. 4.10 shows the EATRf analysis for these data, which
shows equally or more accurate results as compared to the OPES data, despite the naive way in

which the bias was constructed (Tab. 4.2).
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Figure 4.5: The predicted value of Ink, from EATR-flooding and OPES-flooding on the R.. CV with
the lowest (top) and highest (bottom) values for AE with 100 simulations per set. The blue dashed line
represents the rate obtained from unbiased simulations. Error bars indicate the standard error in bootstrap
analysis.

Finally, to further demonstrate the generality of EATRf, we applied our workflow to data
generated by iMetaD for Ref. [32], where the different forcing amounts are controlled by the

frequency of hill deposition alone. As described in SI Sec. 4.8.1.2 and seen in Fig. 4.11 and Tab. 4.1,

this approach is as accurate as our EATRf results using OPES.

442 CAvIiTY-LIGAND MODEL

Although EATRf seems promising on a toy model, we want to ensure that it works for a
larger and fully atomistic system. A persistent challenge is finding a challenging benchmark
system that still admits a known “ground truth” and which also has multiple possible choices
of CVs to bias. For this study, we adopted a simple model of receptor-ligand unbinding that

was originally developed to study the effect of collective dewetting on ligand dissociation[124].
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This system consists of a buckyball in a hydrophobic cavity, and it is known that the typical
unbinding reaction occurs with the buckyball sliding sideways in the pocket before escaping,
which allows the pocket to become hydrated, rather than coming directly out which creates a
temporary vacuum [125]. We have previously used this model to study the effect of mechanical
pulling forces on the unbinding rates using iMetaD [9]. However, we do not know the “true”
unbinding rate, and estimates from an alternative approach, Markov state modeling, gives an
estimate orders of magnitude faster than that from iMetaD [126]. For this study, we therefore
decided to modify the parameters of this model to produce a series of cavity-ligand models with
lower binding affinities, from which we can select a system that displays the same qualitative
behavior but for which unbinding occurs fast enough to allow us to estimate an unbiased rate.

As detailed in the SI, we reduced the € parameters of the non-bonded interactions between
the receptor and ligand atoms. Three different models with decreasing attractive interactions
were evaluated. We computed the unbinding PMF using the MetaD procedure from our previous
study[9], with results shown in Fig. 4.12. As € is lowered slightly (SI Tables 4.2 and 4.3) we
see a systematic decrease in the barrier to unbinding. The third model (e3) tested has a barrier
approximately 10 kcal/mol lower and we proceeded to assess whether we could approximate its
unbinding rate constant with unbiased MD[9]. At the same time, as shown in Fig. 4.12a,b, the
underlying free energy landscape has the same shape as in the original model, meaning we still
expect unbinding to follow the same type of nontrivial unbinding pathway.

To estimate an unbiased rate constant for our model, we performed 360 total microseconds
of unbiased MD launched from 48 different sampled starting points. This produced only five
transitions. Using these data we made a maximum likelihood estimate for the unbiased log-rate
of 2.67 (with ko in ms™!), with a highest-density 95% credible interval of 1.62 to 3.44 determined
according to Sec. 4.6.3.

We then performed sets of 48 OPES simulations each for a series of AE values from 3 to 6

kcal/mol. We biased two CVs: the perpendicular (z) and orthogonal (p = +/x? + y?) distance from
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the ligand to the center of the cavity. For larger and more complex systems like this, we first
examined the change in the logarithm of the rate constant with the logarithm of the average
acceleration factor, which is presented in Fig. 4.13. In practice, we have observed that when
the system is not over-biased, this curve will be linear with a slope approximately equal to y
(equivalent to taking y outside the average in Eq. 4.3). For very large AE, we observe that the
points start to curve down, and we take this as a heuristic of which points to exclude for our
EATR(f analysis, as these likely correspond to over-biasing regimes.

Taking 6 values of AE (3, 3.5, 4, 4.5, 5, and 6 kcal/mol) we performed the EATRf analysis with
results shown in Fig. 4.6. When biasing the z-coordinate, we obtained 3.47 + 0.34 as the estimate

for Ink, with ky in ms™!

and y = 0.93 + 0.04. When biasing the p-coordinate, we obtained
Inky = 3.50 £ 0.36 and y = 0.88 + 0.04. We find that z, the natural unbinding coordinate, has a
high y and a predicted rate constant within the credible intervals of our unbiased estimate. For
p, we get a slightly lower y as expected since it doesn’t directly drive the unbinding. Using the
traditional OPESf analysis from just our lowest barrier data produced In kg = 2.89 +0.06 for z and
Inkqy = 2.50 + 0.07 for p.

Although we do not have an estimate of the unbiased rate for the original “strong” model, we
did perform EATR-flooding analysis as shown in Fig. 4.14 in Sec. 4.8.3 of the SI. In this case, we
find that z alone is predicted to be a less ideal CV than in our weaker case (y = 0.64) and this
is not substantially improved by biasing z and p simultaneously (also y = 0.64). The predicted
unbinding times fall between those for MSM and previous iMetaD studies and are probably un-
derestimates given our predicted difference in the barrier heights of the original and new models.

Returning to our weaker cavity model, because z and p were both found to be good CVs
for biasing in this system, we decided to define a set of CVs to demonstrate that EATR still
works even if the quality of the CV is worse than that of p. We first created a nuisance CV 6

that represents the zenith angle of a chosen carbon atom (defined in PLUMED using a dihedral

between that atom, the center of the buckyball, the center of the cavity, and an atom in the
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cavity that is aligned to the vertical axis), then we created four CVs, each of which is of the form
E=az+ b0, where a’® + b%> = 1. We used a = 1.00,0.95,0.90, and 0.87. The results of performing
EATRf and OPESf on these simulations are given in Fig. 4.7. Adding weight to 6 and removing
weight from z in the CV is expected to make the CV worse for biasing, and in Fig. 4.7, we can
clearly see the effect of systematically making our biased CV worse, as the slope decreases and
deviates from 1, which is the OPESf approximation.

Performing our full EATRf analysis, we find that y decreases systematically along with the
fraction of 6 introduced in Fig. 4.7b. At the same time, this leads to a decrease in the OPESS rate
estimate, i.e. a severe overestimate of the binding lifetime. In contrast, we were pleased to see

that the rate prediction from EATR( is roughly the same even as the CV gets substantially worse.

4.5 CONCLUSIONS

In this study, we developed a variant of the EATR method that allows for a more general
way of obtaining accurate rate constants when applying biasing to CVs of non-ideal quality,
including methods that apply a quasi-static bias where our previous formulation failed. The
primary innovation is to run many sets of biased simulations, each with a different amount of bias.
These multiple sets of biased data allow us to visualize whether the bias coordinate is efficient.
Moreover, we can use the relationship between the amount of bias, the observed rate, and the
unbiased rate to estimate the unbiased rate for each set of simulations as a function of the y
parameter. The value of y that minimizes the variance in these estimates is taken as the y estimate,
and the average of the corresponding rate estimates at that y is taken as the unbiased rate estimate
for the method. We found that we can use multiple sets of simulations to measure the sensitivity
of the observed rate on the bias, which determines the y parameter for EATR.

For the cases we have evaluated, EATR-flooding produces consistent and accurate rate con-

stant estimates when varying the choice of biased CV or CVs. While this requires performing
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Figure 4.7: (a) The observed value of the log rate in the simulation sets while biasing a CV defined as
linear combinations of z and 6, plotted against In <eﬁv>, which acts as a measure of the amount of bias
added. For worse CVs that have a larger contribution from 6, adding the same amount of bias has less
of an effect on the observed rate. Solid lines are linear fits to the data, with slopes from top to bottom
of 0.94, 0.84, 0.75, and 0.59. (b) The predicted value of In k; (top) and y (bottom) from EATR-flooding and
OPESf while biasing each of the CVs. The x-axis is the value of a? where a is the coefficient of z in the
linear combination. Mean y values are 0.92, 0.86, 0.68, and 0.57, quite similar to the values of slope in (a),
in accordance with the hypothesis in Ref. [32].

multiple sets of simulations, reasonable rates can be obtained with relatively few simulations per
set and a small number of sets such that there is only a relatively small increase in cost for a po-
tentially substantial gain in accuracy. It was also shown that when enough bias has been added

to reach the overbiasing regime, the rate becomes less sensitive to the further addition of bias,

allowing us to diagnose when the system is being truly over-biased in a manner that may prevent
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extracting a true rate.

By extending the EATR method to work with OPES simulations, we have not only improved
the capability for rapid biasing, but we have also opened up the possibility to gain control over
the biasing with OPES, using its inbuilt limitation in maximum bias, AE, and optionally the use of
an excluded region for applying bias. This will allow us to tackle kinetics computations for chal-
lenging biomolecular problems, such as in our previous work evaluating the force-dependence
of the unbinding of the protein vinculin from actin, where OPESf seemed to provide more stable
estimates of kinetics than iMetaD [127]. We would now like to revisit those calculations to deter-
mine whether additional OPES simulations varying AE will substantially change our estimates
of vinculin binding lifetimes, and whether this approach can allow us to find a better set of CVs
for efficient lifetime computations.

As described in the theory section, we are not limited to combining sets of OPES simulations,
in principle this should apply to other biasing methods as well, including time-dependent ap-
proaches like MetaD. While our preliminary results in Fig. 4.11 show that EATRf can be applied
directly to iMetaD data using, as an example, different hill addition rates, further work is required
to determine whether optimal choices for iMetaD parameters are required. Moreover, we would
like to investigate whether we can combine our two approaches to take advantage of both the
increase of bias between sets of simulations and the increase of bias over the course of each sim-
ulation to determine the sensitivity of the rate to bias, and thus obtain a more accurate estimate

of y.

4.6 COMPUTATIONAL METHODS

MD simulations were performed in LAMMPS [81] and GROMACS [128] using standard pro-
tocols described in the methods. Enhanced sampling simulations using both MetaD and OPES

were performed with the PLUMED open source sampling library [129]. We have previously con-
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tributed an example of computing rates of such systems under applied mechanical force in the

PLUMED-tutorials resource [114].

4.6.1 MD SIMULATION DETAILS

The molecular dynamics simulations of the Go-like model of protein G were performed using
the 23 Jun 2022 version of the LAMMPS[81] software package patched with PLUMED 2.8.3.[129]
The OPES simulation data where the Q and R.. CVs were used for biasing were the same data
as used in the Supporting Information of Ref. [32]. The data where the R; and R;/Re. CVs were
used for biasing were collected using similar scripts. The simulations were run with a 10 fs time
step, using the Nosé-Hoover chain thermostat at 312 K with a damping parameter of 1 ps and a
chain length of 3. Each simulation was stopped once the protein unfolded, which we defined to
occur once the Q CV dropped below 0.35.

The cavity-ligand model was adapted from the model used in Ref. [9], which was the same as
in Ref. [126]. The model is composed of a cube of hexagonally close-packed carbon-like atoms
with an ellipsoidal cavity and a buckyball (C60) ligand, solvated with TIP4P water molecules. The
cavity and ligand atoms have attractive non-bonded interactions. The model used in this project
was adjusted to weaken these interactions, as described in the SI.

The MD simulations for the cavity-ligand model were performed using GROMACS 2023.2
[128] patched with PLUMED 2.9.[129]. The simulations were run in a periodic box with a 2 fs
time step at 300 K, using the V-Rescale temperature coupling. Each simulation ended once the
ligand unbound from the cavity or 500 ns had been simulated. Ligand unbinding was defined to

occur once the z-distance increased past 15 A.
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4.6.2 EATR-FLOODING

The rate estimations were performed on collections of OPES simulation sets, where each
simulation set was run with a different value for AE, the BARRIER parameter in PLUMED. The
protein G simulations were run with AE ranging from 5 to 13 kJ/mol with 2 kJ/mol increments.
The excluded regions for the bias in the protein G simulations for each CV were Q < 0.65,
Ry > 1.15 nm, and Ree > 2.9 nm. For the 2D R, Re. CV, bias was excluded from the union of the
excluded regions for the separate CVs. The cavity-ligand model simulations shown in the main
text were run with AE ranging from 3 to 6 kcal/mol in 1 kcal/mol increments, plus 3.5 and 4.5
kcal/mol. Those in the SI for the original model from Ref. [125] used AE from 13 to 16 kcal/mol
in 1 kcal/mol increments, plus 13.5 and 14.5 kcal/mol. No excluded region was used for the cavity
models.

While analyzing the protein G simulation sets, the biased rate constants were determined by
fitting the final transition times to a Poisson distribution. The same was done for the original
cavity-ligand model. However, for the new cavity-ligand model, we instead used maximum like-
lihood estimation to determine the biased rate constants because some simulations were stopped
prematurely, which would influence the observed rate constant.

The ensemble average (efYV) for a given value for AE was estimated by first averaging the
quantity YV (*) across all running simulations in the set at time ¢, then averaging the result over
time. This ordering was done to be consistent with our earlier EATR approach, but we also tested
doing the calculation in the other order with minor quantitative differences. We applied Eq. 4.3 to
each simulation set to get a set of In kj estimates as a function of y, then minimized the variance
in the In kj estimates using the bounded version of Brent’s algorithm implemented in the SciPy
Python package.[67] The minimizing value of y and the mean of the corresponding In k, values

are reported as the y and In kj estimates in this method.
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4.6.3 FERROR ANALYSIS

All error values, unless otherwise stated, were obtained by bootstrapping [69]. In this method,
we calculate the error in some statistic from a number of datasets constructed by randomly sam-
pling the original dataset with replacement. We resampled 1000 times and calculated the relevant
quantity for each resampling (usually the log-rate or y), then took the standard deviation across
the resamplings as the error in that quantity. The error in the unbiased unfolding rate of the pro-
tein G model is a 95% confidence interval obtained using the bootstrapping method implemented
in SciPy.[67]

For the estimation of the unbiased rate for the weakly bound cavity model, we used Bayesian
analysis to estimate a 95% credibility interval from our set of simulations where we observed 5
transitions within 360 microseconds. The posterior distribution, 7z (ko|N, Tiota1), given a number
of transitions N and a total simulation time Ti,, was determined following Ref. [130] using a

noninformative gamma prior distribution 7 (ky) o 1/ky, leading to

”(kO|N> Ttotal) & k(j)\]_1 exp (_kOTtotal) . (4-5)

This was then converted to the posterior distribution for Ink,. The highest-density credible
interval is obtained from this posterior distribution by finding two In ky-values a and b where

P(a <1Inkg < b|N, Tiota) = 95% and 7(Inkg = a|N, Tiota1) = 7(Inko = b|N, Tiotar)-

4.7 DATA AVAILABILITY

Data and analysis scripts are available from the GitHub repository for the paper adapted in
this chapter, https://github.com/hocky-research-group/EATRf-paper-2026. The general
EATR analysis framework software is available from https: //github.com/hocky-research-group/

EATR-rate-analysis.
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Figure 4.8: The log of the value of efV(*) averaged over all simulations in each set (low opacity). The

solid lines represent the log of the time average of e#V (%) over a window of 25000 steps, and the horizontal
dashed lines represent the time average from 0 up to the maximum transition time, which approximates
the log of the ensemble average In <eﬁv> in the folded state.
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Figure 4.9: The logarithm of the observed rate plotted against In (eﬁv> in the folded state of the protein

G model, estimated as the log of the time average of efV(*). The horizontal dashed line represents the
value of Inky. Increasing In <eﬂv> for poor CVs has less of an effect on Inkqps than for good CVs. The
EATR-slope approach takes the y-intercept of the best fit line to be the estimate for In ky and the slope to
be the estimate for y.

4.8 SUPPLEMENTARY INFORMATION

4.8.1 FURTHER RESULTS FOR PROTEIN G

4.8.1.1 STATIC BIASING

Because the EATR-flooding theory requires the bias to be effectively static, we decided to also
run the analysis on a collection of simulation sets with exactly static biasing potentials. We ran

six sets of simulations each for the Q and R.. CVs of the protein G system, each with nominal
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Figure 4.10: (a), (b) The PMFs of the protein G model for Q and Re.. The unbiased PMF is shown in black

while the biased PMF for each bias level is colored. (c), (d) The values of Ink, predicted by Eq. 4.3 for

each set of simulations for various values of y, by approximating the expected value (¢#YV) using the time
average of the simulation average (left) and the directly estimated ensemble average (right).
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bias levels of 4, 5, 6, 7, 8, and 10 kJ/mol.

For the Q CV, we applied a bias potential of the form

V(Q) =Hexp (—(Q — p)?/d®) ,

where H is the nominal bias level. We used p = 0.9 and a = 0.13.

Using the same EATR-flooding procedure as in the main text, we obtain Inky = 0.53 + 0.16
and y = 0.88 + 0.07. The biased PMFs and the values of In k; obtained from Eq. 4.3 are given in
Fig. 4.10a,c.

Because we have the exact expression for the bias, as well as a good estimate for the potential
of mean force (PMF) in the folded state, we decided to also directly calculate the In(e?"V) term in

Eq. 4.3 using
3 A(&)e PEEDHVE))

(4) ~ S e PEEVE)

where & are evenly spaced values for the CV ¢ in the reactant state and F(¢&;) is the PMF of & at
&;. Using this instead yields In kg = 0.48 £ 0.14 and y = 0.92 £ 0.06.

For the R.. CV, we applied a bias potential of the form

V(Ree) = H (0.9 exp (—(Ree — f11)*/a%) + exp (—(Ree — p12)*/a5) + 0.5 exp (—(Ree — p13)*/a3)) ,

where we used y; = 2.45 nm, p; = 2.68 nm, y3 = 1.9 nm, a; = 0.2 nm, a; = 0.12 nm, and
as = 0.3 nm.

Estimating In(e#"V) as in the main text results in Ink, = 0.40 + 0.18 and y = 0.31 + 0.07.
Estimating it as above instead results in Inky = 0.34 + 0.18 and y = 0.35 + 0.07. The biased PMFs

and the values of In k; obtained from Eq. 4.3 are given in Fig. 4.10b,d.
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Figure 4.11: (a) The observed rate constant In kqps plotted against the In (eﬁv> in the folded state of the
protein G model, estimated as the average acceleration factor Ina;. The red open points are the sets of
simulations which deviate from linearity, and are discarded. (b) The values of In k, predicted by Eq. 4.3 for
each set of simulations for various values of y (c) The variance in the predicted value of In k; across the
sets of simulations. The horizontal dashed lines represent the true value of In ky, with the 95% confidence
interval represented by the blue shaded region. The vertical dashed lines represent the minimum variance
value of y.
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4.8.1.2 METADYNAMICS BIASING

We also decided to run the analysis on a set of MetaD simulations to see if this procedure also
works for non-static biasing potentials. We applied the EATR-flooding approach to the MetaD
simulations of the protein G model which were run with different bias deposition paces and were
analyzed in Ref.[32]. The simulations were run using well-tempered MetaD using 10.0 for the
BIASFACTOR parameter, with a hill height of 0.4 kJ/mol and o of 0.06 nm for Re., and a hill
height of 0.6 kJ/mol and o of 0.02 for Q. Each set of simulations was run using a different PACE
parameter, from 1 ps to 10 ns per hill deposition.

First, the linear fit of In k.1, as a function of In <eﬂv> was assessed as shown in Fig. 4.11a. The
value of In ks was obtained by taking the reciprocal of the mean transition time, as the transition
time distribution was expected to be non-Poissonian and therefore fitting the CDF would not be
appropriate. The value of In (eﬁv> was estimated by taking the final value of the acceleration

factor for each simulation

1 [h "o
o=t / SVEWL) gy
ti Jo

and averaging across all simulations in the set. The fastest paces corresponding to deposition
times of 1 and 10 ps were observed to deviate from the expected linear behavior, and were thus
discarded.

The EATR-flooding protocol, where In <eﬁ”v> was estimated by taking the simulation average
before the time average, was then applied to the remaining data, as shown in Fig. 4.11b,c. For Q,
the least-variance value for y was 0.67+0.06 and the corresponding value for In k; was 0.47+0.17

with k7 in (us™). For Ree, y* was 0.28 £0.01 and the corresponding value for In k; was 0.43 +0.06.
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Table 4.2: Lennard-Jones parameters for the receptor and ligand atoms. CW, CP, and CF refer to the
wall, cavity, and fullerene atoms respectively

atom-type o(nm)  €( i )

mol
CF 0.3500 0.276144
Cw 0.4152 0.002400
CP 0.4152 0.008000

Table 4.3: Lennard-Jones parameters for non-bonded interactions between receptor and ligand atoms.
Parameter €; was used in the original model, while €3 was used for the fast unbinding model. The non-
bonded interactions of the CP-CP, CW-CP, and CW-CW pairs were excluded from the total energy by
setting their L) parameters to 0 and the entire lattice was position-restrained with a 1000 % force
constant.

i i om) (1) (i) e(2) ()
CF CP 0.3812 0.04700 0.03600 0.02500 0.01850
CF CW 0.3812 0.02574 0.01972 0.01369 0.01015
CW CW 0.4152 0.00000 0.00000 0.00000 0.00000
CP CP 0.4152 0.00000 0.00000 0.00000 0.00000
CP CW 0.4152 0.00000 0.00000 0.00000 0.00000

4.8.2 FURTHER RESULTS FOR THE CAVITY-LIGAND MODEL

The receptor is a semi-hollow cube that has a cavity which is half an ellipsoid of radius 11
A. Moreover, the cube consists of two types of hydrophobic atoms; the cavity atoms (CP) and the
wall atoms (CW) (the atoms in the cavity have a higher attraction to the ligand atoms (CF) than
do the wall atoms), and the whole complex model is solvated with TIP4P water. Parameters for
non-bonded interactions between receptor and ligand atoms were determined using GROMACS’
combination rule 3, where o;; = \/0;0; and €;; = 4/€;€;. The € values were reduced while keeping
the ratio between ecp_cr and ecw—_cr fixed.

In Fig. 4.12C,D, Topology 1 (top. 1) describes the original model and has the highest barrier
to unbinding on the z CV. Topology 2 (top. 2) has a lower barrier but remains high and kinetics
were still too slow. Topology 4 has the lowest barrier, but the timescale of the unbinding kinetics

was reduced to less than a microsecond. Thus, the second-weakest model (top. 3) was chosen for
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Figure 4.12: FES of original (A) and fast unbinding model, e5 (B), as function of p and z. (C) Projection of
FES onto transverse distance, z, for all models. (D) L] potential for interactions between cavity and ligand
atoms (CP-CF) in original and modified models, potential was scaled by ¢; (see Table 4.3) and distance
was scaled by o.

benchmarking.

Using the WTMetaD approach, FES calculations were performed for all models, including
the original, biasing both the transverse distance, z, and radial distance, p. The biasing parame-
ters were: HEIGHT=0.478, SIGMA=0.3,0.1, BIASFACTOR=10, and PACE=300. for the modified
models. For the original model, only one parameter was different, BIASFACTOR=12, which
was higher to obtain comparable sampling within 100 ns. Restraining potentials (PLUMED UP-
PER_WALLS) were applied for the transverse and radial distance CVs at 21 A and 12 A, respec-

tively to limit sampling within the periodic box.

4.8.3 ORIGINAL CAVITY-LIGAND MODEL RESULTS

For the original cavity-ligand model, we performed simulations with a set of AE values where

we biased z alone, both z and p, and p alone. For all collections of simulation sets, we ran 6 sets of
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Figure 4.13: The logarithm of the observed rate plotted against In <eﬁv> in the bound state of the cavity-

ligand model, estimated as the log of the time average of efV(*). The horizontal dashed line represents
the value of Inky. Only points to the left of the red vertical dashed line were used in the EATRf analysis
in the main text, as the rate becomes less sensitive to bias past that point, demonstrated by the deviation
from linear behavior.

simulations with AE varying from 13 to 16 kcal/mol, except we did not run the 13 kcal/mol set for
p alone. Because of a few outliers in the data set, the observed unbinding rates in the simulations
could not be estimated using the maximum likelihood estimator. In ks Was estimated by fitting
the CDF instead, where in the case where a simulation ended early without transitioning, the
CDF is fit only up to the time where that simulation ended. The results from EATRf are given in
Fig. 4.14. The minimum-variance residence time we obtained from EATRfis 7y = 0.023 s (y = 0.64)
when biasing z alone, 7y = 0.021 s (y = 0.64) when biasing z and p together, and 7, = 0.097 s
(y = 0.67) when biasing p alone. This is between the residence time estimates from Markov
state modeling (7p = 0.00055 s)[126] and previous infrequent metadynamics studies (7o = 3863 s,

7o = 2000 s).[124, 125]
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Figure 4.14: The results of EATRf on the original cavity-ligand model. (a) The values of Ink, predicted
by Eq. 4.3 for each set of OPES simulations with each BARRIER parameter for various values of y. (b) The
value of Ink, averaged over the sets of simulations for each potential value of y. The variance of Ink
across the sets is represented by error bars. (c) The variance in the predicted value of Ink, across the
sets of simulations. The dashed lines represent the minimum variance value of y, which is the value that
causes all sets to give the same value of In ke, and the corresponding In k.
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5 CONCLUSION

5.1 SuUMMARY

The goal of this thesis was to develop and apply a new method for obtaining transition rates
from molecular dynamics simulations biased with enhanced sampling. The method we developed
provides robust rates even when the CV chosen is not suited to biasing.

First, we derived the EATR method by generalizing the KTR method by replacing PV Vmax (1)

with a general rate scaling function f(t) then selecting f(t) = ef*Vi(t), which was chosen to be
consistent with iMetaD when y = 1. We demonstrated that EATR is consistent with iMetaD for a
one-dimenstional system with a perfect CV, then that EATR either outperformed or performed as
well as iMetaD when predicting unfolding rates for a coarse-grained protein model, depending
on the CV chosen for biasing as well as the frequency that bias is added in MetaD. Specifically,
EATR, as well as KTR, consistently gave the same rate as was obtained from unbiased simulations
while iMetaD consistently underestimated it. We showed that EATR still gives the correct results
for the unfolding of the chignolin miniprotein.

Second, we applied the EATR method to a set of six atomistic protein-ligand systems to track
the improvement of the SPIB reaction coordinate described in Ref. [33] during training. For this,
because we were not interested in the rates for these processes, we discovered we could set the
unbiased rate and only fit the y parameter to ensure stable predictions. We saw significant im-

provement toward the beginning of the training process in all six cases. We also found that y was
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inversely correlated with the rescaled times predicted by iMetaD, and provided the connection
between them.

Third, we found that the KTR and EATR methods required a time-dependent bias to estimate
¥, and therefore these methods are not suitable for obtaining unbiased rates from MD simulations
with static biasing or OPES. Using the rate scaling function of EATR, we proposed a new tech-
nique to obtain rates from these types of simulations. By combining the data from multiple sets
of simulations, each set with a systematically different amount of bias, we were able to recover
the information needed to determine the effect of the bias on the observed rate, and therefore
to estimate y. By asserting that all sets of simulations have the same underlying unbiased rate,
we obtained rate estimates by minimizing the variance in the calculated rates. This new method,
EATR-flooding, was demonstrated to work on the coarse grained protein unfolding model studied

in the original EATR paper, as well as on a cavity-ligand model.

5.2 FuUTURE DIRECTIONS

For all of the theory in this thesis, we had assumed that the biased rate is a simple function
or functional of the bias, and that the biased rate at some moment of a MetaD simulation is the
same as the biased rate for a statically-biased simulation with the same bias potential. However,
we expect that increasing the potential energy during the simulation will have effects on the
dynamics which are not currently being taken into account. While the increase in energy will
be dissipated by the thermostat over long time scales, for the frequent-biasing regime this would
need to be considered.

Plugging Eq. 2.19 into Eq. 2.8, we can “solve" for y using the same approximation as was used
for Eq. 3.5, yielding y = (Ink’/k¢)/(In e’TV) This implies that it is possible to obtain an analytical
expression for y from any rate theory that connects the potential energy to the rate. This could

lead to a new understanding of y and how the choice of CV to bias influences it. If such an
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analytical expression exists that could be applied to any system, we could eliminate y as a fitting
parameter and instead know the correct value to use a priori. However, y appears to depend not

only on the choice of CV, but also on the bias potential.
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